MULTIPLIERS AND SINGULAR INTEGRALS ON
EXPONENTIAL GROWTH GROUPS

WALDEMAR HEBISCH AND TIM STEGER

ABSTRACT. We propose a simple abstract version of Calderon—
Zygmund theory, which is applicable to spaces with exponential
volume growth, and then show that important specific operators

can be treated within this framework.

1. ABSTRACT CALDERON-ZYGMUND THEORY

Throughout we use the usual convention that C stands for a pos-
itive constant, usually a large positive constant, whose precise value

varies from occurrence to occurrence. However, to avoid writing such

curiosities as “C' + C' + 3C < C” we sometimes use C’,C”, ... instead
of C. The precise values of C',C", ... also change from occurrence to
occurrence.

Definition 1.1. We say that the space M with metric d and Borel
measure i has the Calderon—Zygmund property if there exists a con-
stant C' such that for every f in L' and for every A > C HU\% (A>0
if u(M) = o0) we have a decomposition f = > f; + g, such that there

exist sets (Q;, numbers r;, and points z; satisfying:
e f;, =0 outside @,
o [ fidu=0,
e (); C B(x;,Cry),
o (@) < L where QF = {z+ d(z, Qi) < 13},
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o > I filler < Cllflleas
o [g <CA
Since g = f—>_ f;, we have ||g|[p1 < C'||f||11, hence [|g]|7. < C" || f]l 1.

If K(x,y) is any measurable kernel defined on M x M, then let K

also denote the associated integral operator:

(K f)(x) = /M K (e y) (y) dy

Theorem 1.2. If M has the Calderon—Zygmund property, iof T =
Y nez Kn is bounded on L?, and if for constants C, 0 < c < 1, a > 0,
b>0

/ K, )| (1 + cd(z, ) dz < C
/ Ko(,9) — Kol 2)| dr < C(cd(y, 2))" |

then T is of weak type (1,1) and bounded on LP, 1 < p < 2.

Remark 1.3. If Y K, is strongly convergent on L?, then easy extensions
to our arguments show that the sum is also strongly convergent on L”,
1 < p < 2 and is convergent in measure for arguments in L'. Simi-
larly, almost everywhere convergence on L? implies almost everywhere

convergence on LP, 1 <p < 2.

Remark 1.4. We find the given formulation very convenient. However,

the assumption about K, may be replaced by the weaker condition

/ K (2,y) — K (2, 2)|du(z) < C.
d(z,y),d(z,z)>ed(y,z)

with € > 0 small enough.

Lemma 1.5. Let f;, Q;, v, x;, and QF be asin 1.1. Then there exists C
such that for all i

; d VA
> [ sl de < Ol

n:c*r; >1
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Proof.

/ Ko fil () do
Q)

< 1fills sup / )l < il sup /( Kyl
Z‘c dl"vyZTi

YEQ; J( Yy

< ()| fillpr sup / VI )
d(xz,y)>r;

Yy

< C(c"r) 1 fill -

Hence,

> [ Kafl@ds <Ol Y @) <ClAln . O
n:icr; >1 (@) n:c”r;>1
Lemma 1.6. Let f;, Q;, ri, x;, and QF be as in 1.1. Then there exists C
such that for all i

3 /|K fl@) dz < Cll il

n:c"r; <1

Proof. Since [ fi(y)dy =0,

[ iKasi@ac= [ ] i Kn(fc,y)fi(y)dy‘ dr

/‘/ (,y) = (2, 24)) fily )dy‘ dx

< / 1K) — Koy da

< 1 fillor sup / Ko, ) — Kz, 01)] de

YER;

< C|lfillpr sup(*d(y, )" < C" ()" || fill 2o -

YEQ;

Hence,

> [IKsl@d s Y CEnlfiln <€Al O

n:c"r; <1 n:c"r; <1
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Proof of 1.2. By the Marcinkiewicz interpolation theorem it is enough

to show that T is of weak type (1,1). Fix A > 0. If A < Clllﬁg;, then

p({z T > \}) < (M) < Ow

1£1l 1
(M)

Zygmund decomposition of f. Put E = {x : Y . |K.fi| > 3}, By =
U, @F. By 1.5 and 1.6,

[l < 3 [ STl € €Sl < Clel

1 n,a i

and we are done. So assume that A > C and fix a Calderon—

SO

2071

|E — Ey| < 3

Now

{a : |Tf (@) > A < Ha : [Tg(x)] > %H +|E]

A||Tg]|7 C"ASfller | Af I 2C7]| f] e
< L2 LB |+ |E— Ey| < C
s IRl s —n O3
< C«///HJCHL1 0
= A

Remark 1.7. The above proof of 1.2 remains valid using the weaker

hypotheses of sublinearity, namely
(TF) (@) <D (K ) (@),

(K (f1 + f2)) ()] < (K fu)(@)] + [(K f2) ()]

2. MAIN THEOREMS

Let T" be a homogeneous tree of order ¢ + 1 (so each vertex has
q + 1 neighbours). On T" we consider the natural distance d (length of
the shortest path between two vertices). We fix an infinite geodesic g
in 7. We fix a numeration of the vertices in g (so we get a mapping

N : g~ Z such that |[N(z) — N(y)| = d(z,y) for z,y € g).
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Think of the tree as hanging down from the point at infinity de-
fined by the ray of g where N — +o0o. With that picture in mind
we define the level function, (), by the formula I(z) = N(z') —
d(x,z"), where 2’ is the unique vertex of g closest to z. Let (Af)(z) =
ﬁ«? D (e y)=1 ¢ W=1=D/2 f(y)). For a complex function f on the tree we
define the gradient V f by the formula

(VA = > Ifly) = fl2)].

y:d(z,y)=1

We define the measure p on T' by the formula

[ an=3" s,

Note that A is self-adjoint on L?(dyu). Also note that || A 1) —r1(dp) <
1, hence that ||A|reu—ir@y < 1 for 1 < p < oo. Thus the L*
spectrum of A lies in [~1,1]. For any # € R the function ¢?®) is
“almost” in L?(dp). More precisely ¢?®e=sd@20) ¢ [2(dy) for any
e >0 and 2o € T. One calculates that A(¢??®) = cos¢?® and a

101(x) efsd(:v,zg)

slightly more involved calculation using ¢ shows that cos 6

is in the L2-spectrum of A. Hence:
Remark 2.1. The L*-spectrum of A is precisely [—1,1].

Notation 2.2. If t > 0 and if H()) is any function defined for real A,
(D:H)(X\) = H(tN) .

Theorem 2.3. Fiz any nonzero ¢ > 0 in C°([1/4,2]). Suppose that
FA\)=H(+\) (or F(A) = H(1 — X)) where supp H C [0,2). If for
some s > 3/2

sup [|(D:H) | (s) < 00,
10

then F(A) is of weak type (1,1) and bounded on L*(du), 1 < p < oo.
Moreover V(I — A)~Y/2 is of weak type (1,1) and bounded on LP, 1 <
p<2.
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Let G = R x R? with s € R acting on R? by n + e~*n. Multiplica-

tion is given by
(s1,11)(S2,n2) = (81 + S2,€°n1 + ny) .

This G is the Iwasawa (or AN) group corresponding to the real rank 1
symmetric space SO (Q+1,1)/SO(Q). There is a distinguished Lapla-
cian on G, which is up to a first order term (or up to conjugation)
equal to the Laplace-Beltrami operator on the symmetric space. Right-

tnvariant vector fields are
Xo=20,, X; = €0y, fori=1,...,Q.

Then we put

L=- ) X7.

0<i<@Q
We consider L on LP(G) with respect to left-invariant Haar measure

dx (which is equal to Lebesgue measure in our coordinates).

Theorem 2.4. Fiz any nonzero ¢ > 0 in C([1/2,2]). If so,s1 > 3,

sup [|[(DeF) || rse) < 00,
t>1
sup [|(DeF)o| sy < 00,
0<t<1

then F(L) is of weak type (1,1) and bounded on LP, 1 < p < oo.
Moreover VL™Y2 is of weak type (1,1) and bounded on LP, 1 < p < 2.

3. COVERING LEMMA ON THE WEIGHTED TREE

We defined the measure o on T' by the formula

[ an=3" s

We will write |R| as a shorthand for the measure u(R). Say that x lies
below y (and that y lies above x) if I(x) = I(y) — d(z,y). Say that
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R C T is an admissible trapezoid iff R consists of a single point zg,
or if there is zx € T and an integer h > 0, such that R consists of all
x below zg such that h < [(zg) — l(z) < 2h. Put h(R) = h in this
second case and h(R) = 1 in the one point case. In either case one
finds |R| = h(R)q¢'"®®). We call w(R) = ¢"®®) the width of R.

For an admissible trapezoid R we define its envelope R as follows: if
R consists of one point, then R = R, otherwise R consists of all 2 below
xg such that h/2 < I(zg) — l(z) < 4h. Note that if Ry N Ry # () and
w(Ry) > w(Ry), then Ry C Ry. It is also easy to check that |R| < 4|R].

We define a maximal function M by the formula

Z|R|1/|f )| dpu(y) —sulellz|f g

TeER

where the sup is taken over admissible trapezoids R.

Theorem 3.1. T with measure p and distance d has the Calderon—

Zygmund property. Furthermore M is of weak type (1,1).

Proof. Let f € L'(du). Let Sy be the family of all admissible trape-
zoids R such that

> 1 (@)™ > AR .

TER
Start by listing Sy in some arbitrarily chosen order. Choose Ry to be

an admissible trapezoid in Sy of largest width (possible since the width
is bounded by |R|, and |R| < ||f]|z1/A). In case of ties, choose that
trapezoid of largest width which occurs earliest in the listing of Sj.
Now we proceed inductively: S;,; consists of all R € S; disjoint from
Ry, ..., R; and R;,; is an admissible trapezoid in S;; of largest width.

Since the R; are disjoint, and since each R; € S we have

i TER;
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Consequently

2 Al
> IR < 4;|Ri] <=5

If > crlf(2)|g"® > A|R|, then by construction R intersects some R;
with width not smaller then the width of R, hence with R C R;. So,
putting E = |JR;, we have M f < X outside F, and |E| < %, SO
the second claim is proved.
To get the f; in the Calderén-Zygmund decomposition, we first define
auxiliary sets U; and functions h; as follows:
Ui=nRi—|JR; .
j<i

hi(x) = f(z) for x € U; and h;(z) = 0 for = € U;. We claim that
D hi()|g" ™ < 6gA|Ry| .

Indeed it is easy to find three admissible trapezoids P, P, P3, such
that w(Py) > w(R;) (k =1,2,3), |P| < 2¢|R;|, and R; € PLUP, U Ps.
If

ST 1@ = AP

z€ePy
then there is j < i such that P, N R; # (), hence P, C Rj, hence h; is

zero on Py. One way or the other > _p |hi(2)|¢"™® < A Py|, which

means that

3 3
D ha(@)|d" D < TN [hi@)¢" <> AP < 6gA|Ry|
z k=1 z€P; k=1

as claimed. We put
z) \ XR;

Now we put Q; = R;, 1; = h(R;)/4 and we choose arbitrary x; € R;.
The conditions f =g+ Y. f;, f; = 0 outside @;, and [ f; du = 0 hold
by definition. It is easy to check that Q; C B(x;,32r;). It is also easy
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to check that |Qf| < 2|Q;| so

S [1r1=2% [in2 fun =20t

Now, g is equal to f outside £ = J R;, and

=X (Snion) i

on E. Since (Mf)(xz) < X outside E, a fortiori g(xz) = f(z) < A

Clearly

outside . On E we observe that the R; are disjoint so

sup [g|(z) < sup Lo )q" < sup 2 | < 24\
which ends the proof. 0

4. INTEGRAL KERNELS ON THE WEIGHTED TREE

Let (Lf)(x) = > 4(4)=1 f(y). The spectral resolution of L is given
by the formula:

(F(L)f)(x):m/ (24/g cos 0) Z‘byc o) do

where

Cbe ([L’, y) — q—d(x,y)/Q (Cseied(x,y) + Ese—ied(Ly)) — q—d(z,y)/22%<csei9d(z,y))

—qi 1 w1 i
Cs = . e’ ——e )
q+12sin6 q

When ¢ is odd (so the tree may by identified with a free group) the

and

formula is given in [8] as Theorem 4.1 (one must change notation:
g+ 2r—1, 0 log(2r — 1)t). For even ¢ the formula (and the proof)
in [8] still works. Let ¢"/? stand for the operator f(z) +— ¢"®/2f(x).
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We have 2\/§ql/2A = Lq¢'/? so
_ q " —U(z)/2
F(A)f)(x) = ———— F(cosf
(PN = 5 [ Fleosong
> Zq y)/2 —dzy)/22§R( z@dzy))

)

L fy) o

|col?

To simplify the sequel we put A = I — A. For our purpose we may
treat the real and imaginary parts of F' separately, so we may assume

that F is real. Then

F(A)(z,y) =R (K(g;, Y) /07r F(1 — cos 0)e@¥)p(4) sinede)

= R(K (z,y)Ep(d(z,y)))

where
K(z,y) = -1 @-l@)-dws)/2
21(q+ 1) cssinf  2m(qg+ 1) gi (e_zg _ %ew)
B 2
i [ e—10 — Lpif
T (e J€ >

and
(1) Ep(k) = / F(1 — cos0)e®n(0) sin 0.d0

0

Lemma 4.1. Let s > 0 and let m be the integer satisfying s < m.
Let a < b, ¢ < d be fized constants. Suppose ¢ : R — R is C(m) and
increasing with ¢(c) < a, ¢(d) > b, ¢ > 0. Then there is C' depending
only ona, b, c, d, s, ||[1/(¢')||L= and ||}||cm) such that

1 0 @llmesy < CllFaes)
whenever supp F' C [a, b].

Proof. This lemma only formulates a well-known fact. U
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Lemma 4.2. Fire, 0 <e <1. Ifs > % + ¢, then there exists C' > 0

such that if for any nonnegative integer n we have
supp F' C [272"71 272" "0, 3/2],
then

D 1Be(R)|(L+ k)(1+27"k)° < C|Dyan Fllgs)
k=0

> Ep(k)|(1+27"k)° < C27"[Dy-2n F (s
k=0

> |Ep(k+1) = Ep(k)| (14 k)(1 4+ 27"k)° < C27"||Da-20 F |1 -
k=0

Proof. Put
F(z) = (DynG)(x) = G(2*"x) .

Changing variables in equation 1 to t = 2"6 we get
Ep(k)=27" / G(22" T sin? (27" 1)) (27 ") sin(2 7"t )e "Rt
1

_ g / H(t)(t)e™ dt = 22 / Aty dt
1 1
where k =2"m + 1,0 <[ < 2"
Hi(t) = H(t)t(t) ,
H(t) = G(2*" " sin?(27"7 1)) ,

Yi(t) = e "2 sin(2 ") (27")
One easily sees that ;(t) and its derivatives are bounded uniformly in
n,land t € [0, 7]. Also, each of the derivatives of ¢, = 22" "1 sin?(27"71¢)

is uniformly bounded in n and ¢/, is uniformly bouded from below on

counterimage of supp G,,, so by 4.1

IH |l 1) < CIH s lillees) < CNGag) -
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Hence
> Er(k) (1+E)(1+27"k)
k=0
2"—1 oo
<2 NN ER(2'm A 1) (1+m)'E
=0 m=0
M1 / oo 12 /o 1/2
< 2n+1 Z <Z |EF m+l)| (1 +m)s)2) (Z(l +m)2(1+5—8)>
m=0 m=0
on_1

<0227y | Hillm) < C|Gllags = C"[Da-2n Fl s
=0

The second estimate follows similarly. For the third estimate one should
note that e/*+10 — ¢ — (1 — ¢?)e™*¥ and then the first factor con-

tributes 27" to the final result. O

Recall that for a complex function f on the tree we define the gra-

dient V f by the formula

(VA = Y |fw) = f(z)].

wid(z,w)=1

The gradient so defined is a sublinear operator.

Lemma 4.3. Suppose d(y,z) =1 and I(z) = (y) — 1. Then

1 for k=10
Z K (z, y)QZ(I) = )
z:d(z,y)=k 2+ q%ql(k — 1) fOT k>0
Yo IK(zy) - K(x,2)|¢™ <2,
z:d(z,y)=k
1
> VLK@ y)ld® =1--<2.
z:d(z,y)=k q

Proof. Every vertex at distance k from y is reached starting from y
making p steps up and then k — p steps down. There is only one
possibility for each step up, while we have ¢ choices when making a step

down. However, we should not go back on our steps, so if p,k —p > 0,
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then we have only ¢ — 1 possibilities for the first step down. Also, note

that [(x) — I(y) = 2p — k. Hence

Z q(*l(y)*l(x)*d(ﬂ%y))/2ql($): Z q(*l(z,l)Jrl(x)*k)/2
z:d(z,y)=k z:d(z,y)=k

k
_ qkq(fkfk)/2 + (Z(q _ 1)qkp1q(2pkk)/2) + q(2k—k—k)/2
p=1

S () e
¢\ '
In the second sum, values of K (z,y) and K (z, z) are equal, unless z lies
below z, so we get only the p = 0 term in the sum over p.

Similarly, in the third sum only the p = k term gives a nonzero con-
tribution. Moreover, for the unique x contributing to the p = k term,
the contribution |K(w,y) — K(z,y)| to V. K(z,y) is zero for all but
one w. For that one w, which is the unique vertex at distance one to x
which lies above z, we have I(w) = I(z) + 1, d(w,y) = d(z,y) + 1, and
K(w,y) = %K(x,y). O

Lemma 4.4. Fixe, 0 <e<1. Ifs> %+ e, then there is C' such that
if n is a monnegative integer and supp F C [272"71 272721 " [0, 3/2],
then

STIR(A) @, )| (1+27d(2, )¢ < O Dy Pl
S IP(A) (@ y) - F(A) (2, 2)[d® < C27"d(y, 2)[ Do Fllcs)

Y IVLF(A)(w,y) (1+27"d(2,))°¢"" < C27" | Dyn F o) -

Proof. We will prove only the second inequality (the first is easier, the
third is similar to the second). It is enough to prove the lemma for

real F. We may assume that d(y,z) = 1 and that I(z) = [(y) — 1.



14 WALDEMAR HEBISCH AND TIM STEGER

Then

Y IF(A)(z,y) — F(A)(x, 2)|¢"™
- Z R(K (2,y)Er(d(z,y)) — K(z,2)Ep(d(z, 2)))|¢™
<N K (x,y) — K(z,2)||Ep(d(z,9))ld"
+3 " K(z,2)|Ep(d(z,y)) — Ep(d(z,2))|q"™ = S1 + S .

Now, by 4.2 and 4.3

Si=S1E(R) Y K(xy) — K(x,2)ld

z:d(z,y)=k

< 22|EF )| < C27| Dyn Fl|1r(s)

To estimate the second sum note that if d(z, z) = k then d(z,y) = k+1,
s0 |Ep(d(z,y))=Er(d(z, 2))| < [Ep(k+1)=Ep(k)|+|Ep (k)= Ep(k=1)]
(formally putting Er(—1) = Er(0)). Then (again using 4.2 and 4.3)

S2 <) (I1Bp(k+1)=Ep(k)|+ Ep(k)~Ep(k=1))) Y K(x,2)q"™

z:d(x,z)=k

<4 |Ep(k+1) — Ep(k)| (1 + k)
k
< 02_nH'DQ—nFHH(S) .U

Proof of 2.3. Let (—1)! represent the operator f(z) ~— (—1)"® f(z).
Observe that —(—1)!Af = A((=1)'f). That is, A is conjugated to —A
by an operator which preserves all LP(du)-norms as well as the weak-
L'(dp) measure of the size of a function. Consequently, it is sufficient
to prove the first claim of the theorem in the case F'(\) = H(1 — \).
By standard estimates, the principal hypothesis on H is independent
of the choice of ¢. Now fix nonnegative ¢, € C°([1/2,4]) such that
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¢p=1* andforallz > 0> 7 _ $(2*"z) = 1. We have

= 3 Gul2) =Y Gulz)  where  Gu(x) = ¢(2*"2)H(x).

n=—oo

Of course .
H(A)=> Gu(A).
n=0

We are going to show that the Gn(fl) satisfy the assumptions of 1.2.
By hypothesis, there is s > % and C independent of n such that

| Da-2nG||s) < C .
Fix e, 0 < e <1, such that s > %+5. By 4.4

/ G A)|(z,y) (1 + 27 "d(x, )" du(z)

=ZanA 2,)| (1+27d(,9))°¢'@ < O Dy G|y < "

so the first assumption of 1.2 is satisfied. Similarly the second assump-
tion of 1.2 follows directly from 4.4 so we get first claim of 2.3.

To get the second claim write

1 221 o)
%:;ﬂ\ﬁ):;%(t):;w\[ V(22 ZV

It is easy to see that (for any s > 0)

| Da-2nUp || 1(s) = ||2"Ub|| sy = C2" ,

HD2—2"V7’LHH(S) = HQn%HH(s) =(C2" )

and

|Dy-20 Wl t(s) = [Wollars) = C -

Using the third part of 4.4 we have for some C' = C(s)

/ V.V (A) ()| duz) < C
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so using the second part of 4.4 we get

/ VU (A) () — VU(A)(z, 2)| du(z)
< (Sitp / \vvm(x,w)rdu(x))

< (1m0 = WA, ) ) < 2.

In this way we have checked that

VU, (A)

satisfies the second assumption of 1.2. We verify the first assumption

of 1.2 by direct application of 4.4 to U, (t). This ends the proof. U

5. A COVERING LEMMA ON CERTAIN AN GROUPS

Let G =Rx N, N =R". We assume that the multiplication is given

by the formula

(t, 1, ) (S, Y1y oy Yn)

= (t+ s,exp(a18)x1 + y1, . . ., exp(anS) Ty + Yn)

where the a; # 0 are real numbers. In the sequel we will pretend that
a; are positive, negative a; are easy but tedious to handle. One easily
checks that Lebesgue measure on R"*! is left invariant, so we may
take it as Haar measure. On GG we consider the natural right-invariant
riemanianian distance given by ds* = dt* + > exp(—2ta;) dx?. Put
M =2max(1,aq,...,a,). Note that for large balls (say r > 1) we have

{(t,z) : |z| < cer,|t| < cr} C BO,r) C{(t,z): |z|] < eMr, lt] <r}

Lemma 5.1. G has the Calderon—Zygmund property.
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We need some preparation before the proof. We say that a paral-

lelopiped R is admissible iff (¢,2) € R if and only if
t € [mo2*, (mo + 1)2%)

x; € [mﬂkz,(ml—l—lﬂkz) for i = 1,...,7’L

where my;, k; for i = 0, ..., n are integers and for ky < 0 we have

1
e* Mok < exp(—a;(mo + 5)2’“0)2’” < 4e®Moko

1=1,...,n and for kg > 0 we have
1
exp(M2"+1) < exp(—a;(mg + 5)2k0)2ki < dexp(M2kot3)

We will write R = R(ko, ..., kn,mo,...,my).
Note that there is C' such that if R = R(ko, ..., kn, mo,...,my) is
an admissible parallelopiped, zp is the centerpoint of R and rz = 2%,

then R C B(xg,Crg) and |R*| = [{z : d(z, R) < rg}| < 329.

Lemma 5.2. If () is an admissible parallelopiped, then there exists a

sequence of partitions P; of @ such that

e cach P; consists of admissible parallelopipeds,

e for each j all R € P; have a common ko

e for each R € P; either R € Pjy1 or R is a sum of two members
of Pj+1 (of equal volumes).

e the parallelopipeds in P; are arbitrarily small for large j.

Proof. We write
Pj:{R(kOw"aknamO?"'amn) CQ:kOZfO(j>7
kz:fz(j7m0)72:177n}

where f; are to be specified. Now, the second condition is satisfied

by definition. To satisfy the third condition we require that either
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foi +1) = fo(h) and fi(j,mo) =1 < fi(j + 1,mo) < fi(j,mo) or
fo(G+1) = fo(j) —1and fi(j+1,2mo) = fi(j+1,2mo+1) = f;(j, mo).
The first case correspond to splitting (some of) parallelopipeds in x
coordinates, the second corresponds to splitting all parallelopipeds into
half in ¢ coordinate. As a normalization we also require that f(0) = ko,
that when splitting in x we perform as many splittings as allowed by
admissibility condition, and that P; # Pj11.

To finish the proof we should show how to divide P;. If fo(j) <0,
then in each step we just substract one from f; (cycling over i, i =
0,...,m). So in the sequel we need only to handle fy(j) > 0. Our rules
make as keep fo(j) unchanged and decrease f;(j,mo), i = 1,...,n as
long as admissibility allows. So, we may assume that splitting in x

coordinates is forbidden. Hence, we have
j 1 , ‘ ,
exp(]\/[2fo(])+1) < exp(—a;(mo + 5)Qfo(J))in(J,rm) < QeXp(M2fo(J)+1)

Now according to our rules, we make fo(j + 1) = fo(y) — 1, fi(j +
1,2mp) = fi(j +1,2mo + 1) = fi(j,mo) and we should check that the

result is admissible. However

1 . 1 .
exp(—a;(2mq + 5)2f°(3+1)) = exp(—a;(mg + L—l)QfOU))
1 4 .
> exp(—a;(mo + 5)2f0(3)) exp(—M2700))

SO

1 A A
exp(—a;(2mo + 5)2f0(]+1))2f@'(]+1’2m0)
: 1 . .
> eXp(_MQfo(j)) exp(—a;(mo + 5)2f0(]))2fi(]’m0)
> eXp(—MQfO(j)) eXp(MZfO(j)'H)

— exp(MQfO(j)) _ exp(M2f0(j+1)+1)
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which gives one of admissibility conditions (lower bound for 2mg). Sim-
ilar, computation gives upper bound for 2mg+ 1, and two other bounds

(upper bound for 2mgy and lower bound for 2mg + 1). O

Proof of 5.1. Fix f and A > 0. We should decompose f. First, note
that there is a partition P of G into dyadic parallelopipeds such that
for each @@ € P we have |Q| > ||f]|z1/A. Namely, let ¢;(l, mg) be the
largest integers so that R(l,11(l,mg), ..., ¥n(l,m0), mg, M1, ..., my) is

admissible. We take [ large enough and enough and write

G = U R(Lpy(Lmg), - .- Un(l,my), ... mo,my, . .. my)
m;€Z,mo€{0,—1}
U U Rk, 1 (k,mo), . . . Uk, mg), mo,ma, . .. ,my) .

k>l,m;€Z,moe{1,—2}

Next, on each ) € P we apply 5.2 and use standard stopping time

argument. |

6. INTEGRAL KERNELS ON LIE GROUPS

On a Lie group with right-invariant distance function d(-,-), let

d(z) = d(z,e), so d(z,y) = d(zy™).

Theorem 6.1. Assume G and L are as in [22|. If € > 0, if sg, 51 >
St ifsi > % + ¢, then there is C' such that for supp F' C [1/2,2]
andt>1

/ F(tL)|(x) (14 £72d(2))° < O Fllar

while for 0 <t <1

/ F(L)|(2) (1 + £ 2d(2)) < C)|Fllaeny

Proof. This follows using the methods of [22]. O
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In particular, 6.1 applies to the group in the statement of Theo-
rem 2.4, namely G = R x R? where s € R acts on R? via n — e *n.
For our next result, 6.2, our attention will be exclusively on that group.

We recall several conventions relative to convolution and the modular
function. As always, convolution of measures is defined by

[ s s )@ = [ fws) din(y) dus(e).
G axa
The *-operation on measures is du*(x) = dji(z~!). One has (u1*pu2)* =
s py. For Dirac measures d, %0, = 0, and (0,)* = 0,-1. If ||p]| stands
for the total variation, then ||y # pal| < [l 1zl [ = [l ]l

The base measure on G, denoted simply by dx, is taken as left-

invariant Haar measure, and thus d*z is right-invariant Haar measure.

The modular function is defined by d*x = §(x) dx. It follows that

d(xxo) = d*(zg e = 6(xy ™) d(zg to™h)

=6z te ) d(z™) = d(agta ) d*(x) = 6(xp ) d(x) .

For the group under consideration, RxR?, one finds that dz is ordinary
Lebesgue measure and §(s,n) = e~ 9.
For the purposes of convolution and the x-operation, we identify the

function f(x) with the measure f(x)dz. One then finds:

(f1 % ) () = /G LWy ) dy, (6% )(2) = fla2)
Fo(@) = 6(x) Fa ) | (f #8:)(2) = 8(2) f(z27Y)

Having fixed this identification it is automatic that (f1* f2)* = fo * f7,
(f % 0,)* = -1 % f*, etc. Since L'-norm (relative to dx) corresponds
to total variation, one has || fi = follzr < || fillol[ f2llze, [1F*Mler = [ f] o
The inner product for L?(dz) may be written as (f1, fo) = (f3 * f1)(e).
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As explained in Section 2 we work with the right-invariant vector

fields X;, and the right-invariant Laplacian L given by

Xo=20,, X, =€e0,,i=1,...,Q, L=- ) X}.

0<i<@
On L?(dx) this Laplacian is symmetric and may be extended to a posi-
tive self-adjoint operator. Let p; be the heat kernel for (G, L), meaning
that exp(—tL)(f) = p; = f. Since exp(—tL) is self-adjoint, one has
Pt = D;-

We use the (right-invariant) distance function adapted to the vector
fields X;, 0 < ¢ < (). Here follows the usual definition. For fixed
x,y € G consider all smooth curves v : [0,1] — G such that v(0) = z,
7(1) = y. For such a curve write v'(t) = >, a;(t)X;. Then

d(z,y) = ir;f(/ol Z |ai(s)]2ds> -

It follows that |(X;d)(x)| < 1 in the Lipschitz sense. For the group
under consideration d(x) is smooth (except at = e), so this inequality

is valid in the naive sense (except at = = e).

Theorem 6.2. Assume G = RxR? and L are as in 2.4. There exist C

and € > 0 such that uniformly int > 0
> / | Xipy ()] exp(et™2d(z)) de < Ct™Y2 .

Proof. As long as t is bounded from above the estimate follows easily
from well-known pointwise bounds on the heat kernel, see for example
[18] (in fact [18] is an overkill, since for elliptic operators the estimates
we need where already known in the sixties). So it is enough to prove
our claim for ¢ > 1.

We may assume that () = 2/ is even. Indeed G is a quotient of G411,
the heat kernel on G is the push-forward of the heat kernel on Ggyq,
and for 0 < ¢ < @ the vector fields (X;) on Gg and G respectively
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match up under the quotient map. Consequently our estimate on G¢gyq
implies the same estimate on Gj.

With ) = 2l one gets
§(s,n) = e 25 5(s,n)/? =els .
The distance on G is given by the formula
(2) d((s,n),e) = arccosh(3(e* + e *(1 + [n]?)) .
The following explicit formula for p;(s,n) is taken from [5].

pe(z) = eCtél/th(d(x,e)) ,

q(r) = Ce’thl/szq exp(—r2/(4t))

where
-1
=—0,.
" sinh(r) "
The reduction to even () avoids the use of fractional derivatives in the

above formula.

The first stage of our proof follows along the lines of [5]. Put

T
d = d,.1=D,9,; .
1(7") Sinh(?") ) J+1 J

Easy induction shows that one can write

CDLexp(—r?/(4t)) = exp(—r?/(4£)) Y "t Fayu(r) |

k
¢l,k = Z Ca H (I)ozi

laj=l  i=1

where the ¢, are positive.
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One then checks that when r — oo

Q;(r) = re 7" 4+ O(e ") |

0,®;(r) = 0.(re” ") + O(e™")
SO

@bl,k(T) — Tke—lr + O((T + 1)k—16—lr) 7
Orhri(r) = Op(rfe™) + O((r + 1) e™™) .

It is known that the ®; are all positive. So, likewise, all the 1, are

positive. Now the formula for the heat kernel reads

!
(3) Pt = Zt_(2k+1)/2 eXp(—dZ/(‘lt))fSl/%l,k(d) :

k=1

Hence

(4) Xipr = t 3 exp(—d®/(4t)) X (641 (d))

+ (Xyd/2)t™ P dexp(—d? | (41))8" 4,1 (d)

+ X, (Z ¢~ CRED/2 oxp(—d? /(4t))51/2¢l7k(d)> .

k=2
We will deal with these three terms separately. The first term (which
we will deal with last) is the really delicate one. To bound the second

term, we use the inequality |X;d| < 1:
|(Xid/2)t "> dexp(—d®/ (4¢))8" 4, (d)]
< Ct*(d?/(40))2 exp(—d? / (4t))8" 1 (d)
< C't 2 exp(—d?/(8t))6" %41 (d)
S C’"t_l/szt .

Now use the fact that ||py||1 = 1.
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Although the third term of (4) is given by a complicated formula,
it is really of lower order (in ¢) than the others, and can be bounded

quite directly. Consider the term for some k£ > 2.

| X (£ PR exp(—d? [ (41))8" i (d) |
= [t U2 (X exp(—d?/ (41)))8 e (d)
+ oxp(—d®/(41))(X:8" ) i (d)
+exp(—d®/(4))8"? (Xt (d)) |
= |t CF2(X;d/2)d exp(—d® / (4t))6" >4y 1 (d)
+ ¢RI (exp(—d? [ (4t)) (X6 (e))5" 4y 1 (d)
+ exp(—d®/(4t))8"*(X;d) 0,11 (d)) |
< Ct= @32 G exp(—d? /(4t))6?(d + 1)Fe "
+ Ot~ CRHD/2 oxp(—d? /(41))6Y%(d + 1)Fe "
<O+ d P 4 @ D) exp(—d? ) (4¢))62(d + 1)e T
< O//t—Q exp(—dz/(St))él/Q(d + 1)€_ld < C”’t_l/ngt _
At the next to the last line, we use k > 2 to get t=2.

For the first term of (4), where k£ = 1, we must give a more detailed
argument. In that term occurs the factor X;(0'/%¢;,(d)) where 6'/2 =
exp(—ls) and ¢, 1(d) =~ cd exp(—Id). Except for a relatively small piece
of G, the two exponentials, exp(—Is) and exp(—Id), almost cancel one
another out, and so the derivative X;(5'/%¢/;1(d)) is very much smaller

than one would naively expect.

A comparison with the analogous calculation on a tree is striking.

51/2 eXp(_d> K(.’L‘, y) 3

§1/2 q(—l(x)—l(y))/Q ’

[ 11

~d(zy)/2

exp(—d) q
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In the case of the tree the two exponential factors cancel each other
out perfectly (and consequently V,K(x,y) = 0) unless x lies directly
above y. In the present case, things are fuzzier, but essentially the
same phenomenon controls the situation.

For T > 1, arccosh(T) = log(2T) + (1/4)T2 + ..., the expansion
continuing as a convergent power series in 72, Applying this to (2),

that is to the exact formula for d(s,n) = d((s,n),e) gives
d(s,n) =log(e* +e (1 + [nf*)) + O((e” + (1 +[n]*))™*) ,
dsd(s,n) = Oslog(e® + e *(1 + [n|*)) + O((e® + e~*(1 + |n|*))?),
€*Op,d(s,n) = "0y, log(e* + (1 +[n[")) + O((e” + e~*(1 + [n[*)) 7).
Next, since §%/2(s,n) = e'*, since ;1 (r) = cre™" + O(e™"), and since
b1 (r) = —clre™™ + O(e7"):
(62r1)(s,n) = cd(s,n)(e* + 1+ [n|>) " 4+ O(6"/ %71y

0s(6 %4y 1) (5,m) = cdds(e* + 1+ |n|*) ™ + O(62e7!)

— cd —2le* +O(61/2 ~tdy
- ¢ (€% + 1+ |n|?)H! © '

and

€0y, (672411 (5,m) = ¢, (2 + 1+ [n[2) ™! + O(5V/2e )

—2le’n, 1
_ i /2,~1d
_Cd(€23+1+ 2t +O(57%e™) .
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Now

[ 0@ explet (e d
< (J/ t73/2 exp(—d?/(4t))d0s((€** + 1 + |n|?)7Y)| exp(et~/%d(z)) dz
+ Ot /2 /pgt exp(et1/%d(z)) dx
+ 1732 / exp(—d?/(4t))O (6127 exp(et™V/%d(z)) da
=C(L+1L)+1s.
Similarly
/ 0 pol (@) exp(et="2d(x)) dz < C(I, + Ib) + Ty

where
I = / 1673/ exp(—d?/(4t))de* D, (> +1+|n|?) )| exp(et~2d(z)) dx: .

So to finish the proof we need to estimate [;, © = 1,2,3,4. We can

absorb exp(et~1/2d(x)) into the Gaussian factor, so
I, < Ct™Y? /p3t =2
We can compare I3 with a linear combination of the p;, using the bound

O(6Y2e71) < C2% poar for 28 < d(x) < 2¥*
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This follows from (3), the formula for p;, recalling that all the terms

there are positive. Hence

tS/Q/exp(—dQ/(élt))O((Sl/Qeld) exp(et~Y2d(x)) dx

d(z)>t1/2 d(z)<t!/?

d(z)<t1/?

SCt_l/Q—{—t_?’/Z/ 0(51/2€—ld)

d(z)<1

4 73/2 Z / 0(51/2€—zd)
k>0,2k <¢1/2 2k <d(z)<2k+1
< C/t—1/2 + Z C//t—3/222k < C«/t—l/Q + C///t—1/2 .
k>0,2k<t1/2

To estimate I; note that

2le?s 21
dn = dn < C
/Rm (& + 1+ [y " /]R (At e+ ey S

with constant C independent of s. Hence

I, = / |zf_3/2 exp(—d?/(4t))d0s((e** + 1+ |n|*) ™) exp(gt_l/Qd(x)) dx

<ct! / |exp(—d?/(8t))0s((e** + 1+ |n|*)™")| dx

2le?s

< Ctl/exp(—s2/(8t))/R2l ( dn ds

e?s + 1+ |n|?)H+!

<Ct! /exp(—sQ/(8t)) ds = C"t71/?%
The argument for I is similar, and that ends the proof. Il

The key estimate 6.2 has now been proved for the case of G = RxR?,
as needed for the proof of 2.4. We will state our next two results in
greater generality, using that key estimate as one of the hypotheses.

We recall the general set-up. Let G be a Lie group. On G use

left-invariant Haar measure as the basic measure. Work always with
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right-invariant vector fields and differential operators. Assume that
on G there are given vector fields X; and that the distance d(-,-) on G
is the distance adapted to those vector fields. Assume also that there

is a given self-adjoint Laplacian L > 0 on G, and that its heat kernel
is py(+).

Lemma 6.3. Let G, X;, d, L, and p; be as above. If, as in 6.2, we
have || Xipi||n < Ct=Y2 for each i, then there is C' such that

|pe * (62 — 0,) || o2 < C't7%d(x,y) .

Proof. First, we need an auxiliary formula. Let v : [0,1] — G be a
smooth curve. Fix s. Assume that 7/(s) = Y(v(s)), where YV is a

right-invariant vector field. We have
au (pt * 57(s+u))‘u=0 = au (pt * 5exp(uY) * 57(3))‘u=0
so, applying the s-operation and using the fact that p; = py,
Hau(pt*(s'y(eru)”u:OHLl = H@uw(v(s»*l*5eXp(*uY)*pt)|u:0HL1 = ||th||L1 .
If v'(s) = >, a;(s)X;, then since s was arbitrary,

104 (P2 % 859t < Y las(s)] [ Xapell o -

Now, assume that v joins z and y. Then

e * (02 = 0y) |1

1 1
< / 10401 # 800 12 ds < / S la() | Xopil 2 ds
0 05

1 1/2
< Ot /2 (/ Z|ai(s)|2 ds> .
(U

Since d(z,y) = infv(fo1 > lai(s)]? ds)Y/? we get the claim. O

Theorem 6.4. Let G, X;, d, L, and p; be as above. Suppose that
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o (G satisfies the Calderon—Zygmund condition,
e the conlusion of 6.2 holds.

Then the Riesz transforms X;L='/% are of weak type (1,1) and bounded

on LP, 1 <p<2.

Proof. We are going to use 1.2. We write

XL e =y [

0

2n+1

n

P Xpydt = K,

For our next calculation we use the following natural convention.
Suppose K is the operator given by the kernel K (z,y), namely (K f)(z) =
[ K(x,y)f(y)dy. Then for any measure p we define

(Kp)(@) = [ Koy duto)

Note, that ((f - g) xd,)(z) = (f *d,)(x)g(xy™"). Now, putting a = 1

and ¢ = 271/2

/ K (2, 9)(1+ ¢ d(z, y)| da

<[ 1R 8@ + ) do

_ / 1 2(Xapo) (1 + ")) = 6, |1 dt
2

n

2n+1
< C’/ 1712 X,py) exp(et=12d) || 1 dt
2TL
2n+1

gc’/ ttde <’
2

n

so the first assumption about K, in 1.2 holds.
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/Uﬁ@y»—KA%@hmzHKA%—@Wp
PLS

< [ R, - sl de
2

n

2n+1

s/ Y2 Xopugall o ey * (6, — 6.)10 dt
2

n

2n+1

< C/ t=32d(y, 2) dt < C'272d(y, z) = C'cd(y, 2)
2

n

so the second assumption of 1.2 is also satisfied, ending the proof. [J

Proof of 2.4. The result will follow from 1.2. Indeed, by 5.1, G has the
Calderén—Zygmund property. Fix ¢ € C°(R;) such that supp¢ C
[1/2,2] and > ¢(2"x) =1 for all > 0. Put F,(z) = F(27"z)¢ and
Gn(z) = F,(x)exp(z). We write

F(L)=> F.(2"L) =Y Gn(2"L)exp(—2"L)

Now the first assumption of 1.2 follow from 6.1 (applied directly to
F,) and the second from 6.1 (applied to G,,) and 6.3, which ends the
proof. O

This proof of the spectral multiplier part of 2.4 is also applicable to
any G, X;, d, L, and p; as above such that

e (§ satisfies the Calderon-Zygmund condition,

e the conclusion of 6.1 holds,

e the conclusion of 6.3 holds.

7. FINAL REMARKS

The method used to obtain the Calderéon-Zygmund decomposition
on the tree is inspired by [32] (p. 309, Lemma XVIIL.3.2) and uses
the same ideas as [17]. Working on trees made ideas simpler, and

made clear which maximal function is relevant for singular integrals (on
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Lie groups there are many natural maximal functions, some bounded,
some unbounded [9],[10]). We use a somewhat different method on Lie
groups, which allows us to handle the case where the roots are of both
signs (for instance, unimodular groups). Both proofs are related to the
construction of Folner sequences.

For simplicity, we restricted ourselves to rank 1 case. However, our
arguments works the same in a product setting.

The first author can prove that if a (locally compact) group G' with
left-invariant Haar measure and right-invariant distance satisfies the
Calderon-Zygmund property, then G is amenable.

In [27] Sjbgren proves that X;L~'/? is of weak type (1,1) in the
Q) = 1 case, G = RxR. The result in our Theorem 2.4 is stronger than
that because it deals also with Xj. In [31] Wéngeforos extends Sjogren’s
results to AN groups associated to arbitrary rank 1 symmetric spaces.
In [14] Gaudry and Sjégren prove, again for G = Rx R, that L™Y/2X] is
of weak type (1,1). That operator is —(X;L~'/?)* so their result gives
p > 2 estimates for X;L~'/2. Although Gaudry and Sjdgren do not
mention trees explicitly, Theorem 3 in [14] does have a strong tree-like

flavor.
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