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1 Introduction

In this paper we study coercive inequalities on finite dimensional metric
spaces with probability measures which do not have volume doubling prop-
erty. This class of inequalities includes the well known Poincaré inequality

Muplf —pf|* < pV [

with some constants M € (0,00), ¢ € (1,00) independent a function f for
which the (metric) length of the gradient |V f| is well defined, as well as a
variety of stronger coercive inequalities with the variance on the left hand
side replaced by a functional with a stronger growth, as for example in case
of celebrated Log - Sobolev inequality which is of the following form

2

it log L < cul VP

fuf?
with some constant ¢ € (0, 00) independent of a function f.

We are interested in probability measures on noncompact spaces, like for
example the finite products of real lines R™, but also certain noncompact
groups as for example the Heisenberg group.

For probability measures on the real line the necessary and sufficient
condition for Poincaré inequality characterising the density (of the absolutely
continuous part with respect to the Lebesgue measure) were established long
time ago by Muckenphout, [36], ([34]). More recently such criteria were
established for other coercive inequalities (Log-Sobolev type: (LSs) [7], (LS,)
[10], for distributions with weaker tails [5],...). In multidimensional case
the situation is rather different and more intricate. First of all, since the
inequalities of interest to us have a natural tensorisation property, there is a
number of perturbative techniques which allow to obtain classes of interesting
examples in higher and even in infinite dimensions (see e.g. [22], [10], [44],
[33],.., [12],[48],.. and references given there). We would like to mention
a work [38] in which the coercive inequalities for probability measures on
R™ n > 3, with variety of decay of the tails (slower as well as faster than
the Gaussian) were systematically studied with the help of classical Sobolev
inequalities providing in particular an effective sufficient criteria, (in terms of
certain nonlinear differential inequalities for the log of the density function),
for related coercive inequalities, (see also reviews [41], [20] and references
therein). In the mid 80’ties Bakry and Emery, [4], introduced a very effective
criterion based on convexity (curvature) which allowed to enlarge a class
of examples where Log-Sobolev inequality holds, including situation with
measures on certain finite dimensional Riemannian manifolds; (as well as
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some infinite dimensional cases however with a compact configuration space
[15]). Following similar line of reasoning, in [3] the authors provided an
effective criteria for (generalisation) of Brascamp-Lieb inequality as well as
Log-Sobolev inequality (with possibly more general entropy functional and
weighted Dirichlet form dependent on the measure).

More recently, in [8], certain convexity ideas, (including Brunn-Minkowski
inequality), were exploited to recover in the special case of the space R" sim-
ilar results as in [3] and obtained additionally inequalities (LS,) which are
naturally related to different than Euclidean metrics (in particular involving
different length of the gradient on the right hand side). These result con-
cerned principally the probability measures with tails decaying faster than
the Gaussian. We point out that while such distribution were also discussed
in [38], in [8] they involved in a natural way Lipschitz functions with respect
to a non-FEuclidean metric (while in Rosen’s work the emphasis of improve-
ment was on different functionals on the left hand side). The corresponding
results for measures on R" with slower distribution tails were obtained in
[5] (see also references therein), which included in particular those of Rosen,
[38], for the similar class of measures.

Part of the motivation for the current paper was provided by [33] in which
the coercive inequalities involving Hormander fields instead of the (nonde-
generate full gradient) were studied. Such the situation is naturally related
to a more general Carnot-Caratheodory metric associated to the family of
fields and the interest here is to obtain coercive inequalities involving length
of the corresponding metric gradient. While in [33] a rich family of examples
on compact spaces was provided, the noncompact situation was more diffi-
cult. In this paper we develop an efficient technology which not only recovers
interesting results in R™ briefly reviewed in the above, but also allows us to
extend to interesting metric spaces as certain noncompact Lie groups includ-
ing in particular the Heisenberg group. Part of our approach is directed on
proving inequalities, which we call U-bounds, of the following form

/\f|qu,u§C'/!Vf\qdu+D/\f|qdu

with a suitable increasing unbounded function U of the metric and the length
of the metric gradient |V f|; see Section 2. We show later in Section 3 and
4 that such inequality implies corresponding Poincaré as well as suitable
coercive inequalities; in fact as we illustrate in some of the cases the U-bounds
are equivalent with the coercive inequalities. (This requires an extension of
result of on a Gaussian exponential bound of [1] for other measures and
functions with possibly unbounded gradient.)

In Section 5 we explore also a family of weighted Poincaré and Log-Sobolev



inequalities on Riemannian manifolds including measures with ultra slow
tails. In such the context we can effectively employ Laplacian comparison
theorem (see e.g. [11]) which in particular allows us to extend recent results
of [9] where convexity ideas in Euclidean spaces were used.

As an application of our technique we also prove (see Section 6-7) the Log-
Sobolev inequality for the heat kernel measure on the Heisenberg group, (a
topic which attracted recently some extra attention [32], [17]).

2 U - Bounds.

By V we denote a subgradient in R”, that is a finite collection of possibly
noncommuting fields. It is assumed that the divergence of each of these fields
with respect to the Lebesgue measure A on RY is zero. (While this provides
some simplification in our expositions, it is possible to extend our arguments
to a more general setting.)

We begin with proving the following result.

Theorem 2.1 Let du, = e_gdp d\ be a probability measure defined with 3 €
(0,00) and p € (1,00), (Z being the normalisation constant). Suppose 0 <
1 <|Vd| <1, for some o € [1,00), and Ad < K + Bped’~" outside the unit
ball B = {d(z) < 1} for some K € [0,00) and ¢ € [0, 25). Then there exist
constants C, D € (0,00) such that the following bound is true.

J1si@ dn, < [ 1951du,+ D [ 1f1d, 1)
Remark: In particular the assumptions of the theorem are satisfied for d
being the Carnot-Caratheodory distance and V the (horizontal) gradient of
the Heisenberg group.

Proof: For a smooth function f > 0 such that f = 0 on the unit ball, by the
Leibniz rule we have

(Ve P =V (fe ) + Bpf (d"~'Vd) e P, (2)

al) = /(Vd)(-) dx.

Acting with this functional on the expression (2) we get
(Ve ™) = o (V (fe")) + Bp / fAH VP e PN (3)
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Using Holder inequality, the left hand side of (3) can be estimated from above
as follows

a(VHe ) = [ (Va)- (T7)e " ax (4)
< /|Vd||Vf\e—5d”dA < /|Vf|e—ﬂd”dA

where we have used the fact that |Vd| < 1. The first term on the right hand
side of (3) can be treated with the help of integration by parts as follows

& (v (e = [90) 9 Gy
= - / (Ad) fe?"dX\ > —K / Fe P g\ — Bpe / Fdrle P g\

where we have used the assumption that Ad < K + pedP~!. Combining (3),
(4) and (5), we get

oo [ 1t (Vap =) e an< [Vl an i [ e

from which the inequality (1) follows with C' = (1/02—175)@ and D = m,
provided € € [0, %5).

Now, the estimate (1) is proven for smooth nonnegative f which vanish on
the unit ball. We can handle non-smooth functions approximating them by
smooth ones (on compact sets via convolution and splitting f into compactly
supported pieces using a smooth partition of unity — details are tedious but
do not pose any essential difficulty).

We can handle f of arbitrary sign replacing f by |f| and using equality
VIf| = sen(f)V .

To handle f which are non-zero on the unit ball we write f = fy + fi
where fo = of, fi = (1 — ¢)f and ¢(x) = min(1, max(2 — d(x),0)). Then

/ Ll tdpy = / ldduy + / Flatd,
d(z)<2 d(z)>2

< or1 / W+ / Fhddp,
d(x)<2 d

(z)>2
< or / Flduy + / Flad g,

Next
VA< IV + ISl
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/ Al < C / IV fldpy + D / fuldu,

e / 1 fldpy + (D + ) / Fldu,

Combining inequalities above we see that (1) is valid without restriction on
the support of f if we replace D by D + 2P~ 4 C. O

Using our result and a perturbation technique we obtain the following
generalisation.

Theorem 2.2 Let dy = < Z/_Vdug be a probability measure defined with a
differentiable potential W satisfying

VW[ < 6dP™" + 5 (6)

with some constants 6 < 1/C and v5 € (0,00), and suppose that V is a
measurable function such that osc(V) = maxV — minV < oco. Then there
exist constants C', D" € (0,00) such that the following bound is true.

Jinatap<c [1951du+ D [ 171 (7)

Remark: In particular the assumption (6) of the theorem is satisfied if W
is a polynomial of lower order in d. Another example, in the spirit of [18]
and [10], with deep wells is as follows

W = 9dP~" cos(d)

with a small constant ¢ > 0, (but ¥d?~! cos(d'**) would not work for any
e > 0 no matter how small ¥ > 0 would be).

Proof: We consider first the case V' = 0 and start from substituting fe="
in the inequality (1) for the measure p,. Using Leibniz rule

[1s@ e g, < [ 1vsie a4 D [ 111y,

+c [ 19wl dy,

Now our assumption (6) about W, implies

JIA9WI duy <5 [ 1107 dy 35 [ 1117 diy

b}



Thus combining these bounds we arrive at

1@, <& 190 dy 4D [ 171 d,

with
C=C/(1—-0C0) and D= (D+ns)/(1—C6)

Next we note that if V' # 0 we have

1 —W 1% . —W
- dy < e A —
/!f! iy < ¢ /m e

osc(V') A e_W osc(V) e_W
<e C |Vf|f€_Tddﬂp+€ D |f|mdﬂp

fW 1%
< 62050(V /|Vf|

fWV

i+ D [\ dn,

Theorem 2.3 Let pu be a probability measure for which conclusion of Theo-
rem 2.1 holds. Let p € (1,00). Then for each q € [1,00) there exist constants
Cq, Dy € (0,00) such that the following bound is true.

/ 117D 4y < / Vfldp+ D, / e ®)

Proof: Let dy(x) = max(1,d(x)). Enlarging constants D if necessary we
may assume that

Jindtan<c [1vadurD [ ifde
Put h = | f|2d" """V We have

Jisvae < [ dp = [ b dy

§0/|Vh|du+D/hdp.

By Leibniz formula

Vh| = q[VFII£1@DdT V0D 1 (g = 1)(p — 1)| Ve || fledl P07
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and

/q|Vf|!f|q Dge-DeD g,

1/q | {e=Dp-1) . (¢=1)/q
<a( [ 1wrra) (/w vy )

qg—1 _
S ey

Next

1/q (¢-1)/q
[ = [ 1 ”du<(/ Iflqdu> (/ Iflqd‘i(p_”du)

s q qg—1 q 74(p—1)
< ? ’f‘ dﬂ + ﬁq/(q‘l)q ‘fl dl dﬂ'
If (¢ —1)(p — 1) <1, then

/ (¢ — 1)(p — 1|V || flode" D7 gy < / 17 d.
If (g—1)(p—1) > 1, then

[ D=0l b < (- 1)p-1) [ 170

/(a(p—1)) 3 ((p—1)(g—1)—-1)/(q(p—1))
< -0 [ 1) ( / ot du)

(¢ =Dp a(p—1)/p q (g - 1)2(]) q qp iy

Combining inequalities above, if (¢ — 1)(p — 1) <1 we get

g-1 ¢—1 q a(p—1)
(1 - Caq/(q_l) - DBQ/(Q—l)q)/‘fl dl d/,l/

< Cat [ |Vedu+(C+ D%) R

which gives the claim with

Cot
S G N Sy = .
T M aa/la=D) T T ga/(a—T)g




and .
C+ DZ

q—1 q—1
1-C /(g=1) D

ad B4/(a=1) ¢

D, =

if & and [ are big enough. Similarly, for (¢ — 1)(p — 1) > 1 we get the claim
with

o Cat
7 -1 —1)2(p—1)—(q—1 -1
1 - Caqz(q—l) - qu(&p—)l)/(z(a(q—z)(zggl)—)l) - Dﬁa/q(q—l)q
and
Cpfyq(p_l)/p _|_ Dg
D, = 4
-1 —1)2(p—1)—(q—1 -1
L- Caq(}(q—l) - Cq»y(g(p—)l)/(?(q—z)(zggl)—)l) - DBQ/(Z(q—l)q
if o, B and ~ are big enough. OJ
e*ﬁdp

Theorem 2.4 Let du, = “—d\ be a probability measure defined with 3 €
(0,00) and p € [2,00), (Z being the normalisation constant). Suppose 0 <
L <|Vd| <1, for some o € [1,00), and Ad < K + Bped”~" outside the unit
ball B = {d(z) < 1} for some K € [0,00) and ¢ € [0, 55).

Suppose % + ]lj =1, then we have

[1s@dn<c, [ Vs, [ \red, ©)

Remark: In particular the assumptions of the theorem are satisfied for d
being the Carnot-Caratheodory distance and V the (horizontal) gradient of
the Heisenberg group.

Proof: This is a special case of Theorem 2.3 OJ

Extension to more general measures is as follows.

Theorem 2.5 Let du = ﬂzv—fvdup be a probability measure defined with a
differentiable potential W satisfying

[VWI[* < 6dP + 75 (10)

with some constants 6297 1q~1C < 1 and s € (0,00), and suppose that V is
a measurable function such that osc(V) = maxV —minV < oo. Then there
exist constants C', D" € (0,00) such that the following bound is true.

/mwwsdfwmw+D/UWu (1)

with q such that % + % = 1.



The proof is similar to that of Theorem 2.2

2.1 U - Bounds: Sub-Quadratic Case.

Theorem 2.6 Let duy = e_;de d\ be a probability measure defined with 3 €
(0,00) and 0 € [1,2), (Z being a normalisation constant). Suppose 0 < + <
IVd| < 1, for some o € [1,00), and Ad < K + BpedP~" outside the unit ball
B = {d(z) <1} for some K € [0,00) and ¢ € [0, %5).

Then there exist constants Cy, Dy € (0,00) such that the following bound is
true

/ PP D dg, < C, / V£ Pdu + Dy / FPdua (12)

Remark: In particular the assumptions of the theorem are satisfied for d
being the Carnot-Caratheodory distance and V the (horizontal) gradient of
the Heisenberg group.

Proof: Again, this is a special case of Theorem 2.3 0

Extension to more general measures is as follows.

—W-V

Theorem 2.7 Let du = “——dpug be a probability measure defined with a
differentiable potential W satisfying

VIV |? < 6d*0D 4 5 (13)

with some constants 60C' /2 < 1 and s € (0,00), and suppose that V is a
measurable function such that osc(V) = maxV — minV < oco. Then there
exist constants C', D" € (0,00) such that the following bound is true.

[istddu<c [195P+ ' [ 1fPan (14)

Again, the proof is similar to that of Theorem 2.2

3 Poincaré inequality.

Theorem 3.1 Suppose 1 < g < 0o and a measure X satisfies the q-Poincaré
inequality for every ball Br, that is there exists a constant cg € (0,00) such
that

1

|BR| Bgr

FR—

q
— d\<e¢
|BR| Br

[V f1TdA (15)

R
|BR| Br



Let i be a probability measure on R™ which s absolutely continuous with
respect to the measure A\ and such that

[ rmanzc [19s1au+D [ ran (16)

with some nonnegative function n and some constants C, D € (0,00) inde-
pendent of a function f. If for any L € (0,00) there is a constant Ay such
that

— < ——< AL (17)

on the set {n < L} and, for some R € (0,00) (depending on L), we have
{n < L} C Bg, then u satisfies the q-Poincaré inequality

plf —pfl* <eplV | (18)

Proof: For any a we have

plf —pfl* <2%u|f —al”.
(19)

Next
plf —al* <plf —al’x(n <L)+ plf—al*x(n> L) (20)

Using our assumptions and putting a = \B_lRI S Br f, for the first term on the
right hand side of (20) we have

1 q
le—aqu(n<L)§AL/ o [l an
Br |BR| Br
< Auer [ [V < AfcnplV ] 1)
Br

On the other hand for the second term on the right hand side of (20) we get

plf —al'x(n= L) < Tulf ~al'n (22)

Hence, by (16), we obtain

C D
plf —al*x(n>1L) < ZMIVfI" + fulf —al (23)
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Combining (21) and (23), we get
C D
ulf =l < [ agen+ S| s+ Duls - ap

Choosing L > D, simple rearrangement yields

A%CR-F%
D
=7

plf —al” < pVil

This together with (19) - (21) yields

plf = pf|? < ep| V£

with some constant ¢ € (0, 00). O

Corollary 3.1 If we are on nilpotent Lie group the probability measure fi,
and pg of Theorem 2.5 and 2.7, respectively, satisfies the Poincaré inequality.

4 From Sobolev Inequalities to Coercive In-
equalities with Probability Measure: The
non-compact setting.

4.1 Case p > 2.

Theorem 4.1 Let dy =
satisfied

e—U
Z

d\. Suppose the following Sobolev inequality is

q

(/|f|q+€dA> "< a/|Vf]‘1d/\+b/|f|qd>\ (24)

and the following bound is true
p(fIPIVU] + U]) < CulVf|* + Dplf|* (25)

Then the following inequality is true

I (fq log %) < CulVf|*+ Dyl f|? (26)
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Moreover, if q € (1,2] and the following q-Poincaré inequality holds

plf —pfl? < %ulvf!q (27)

then one has
v (fq log ﬁ) < V17 (28)
fuf
with some constant ¢ € (0,00) independent of f.

Proof: First we note that for f # 0, we have

1 (f" log %) = u(f?) /gq log g%dA + p (f[U + log Z])

_1ly
with g = f- &7
. . Zq

inequality, one gets

1
qte
/gqlogqu)\ — g/gqloggsd)\ < @bg (/g‘”sd)\)

whence, by the Sobolev inequality (24), one obtains

/gq log g7d\ < q‘;glog (/ gq+€dA> "< a’/ |Vg|qd>\+b’/qu/\

with o' = qsﬁa and V' = %b. Combining all the above we arrive at

" (fq log Mf7> < du(f) / v (f

and, by simple arguments, we obtain

satisfying [ g?d\ = 1. Next, by arguments based on Jensen

iy
q

6_1 )|qd>\+(b,+10gZ)/fqle_lu (f0)
Za

q
I (fq log #) < 2q—1a'/ |V fl%dptp (f1 297 q79d VU + U + b + log Z])
(29)

Now using our assumption (25) yields
q _ _
m (fq log #) < (297 4+ 297 q %' C) p|V f|94 (' +D+1log Z)u| f|* (30)
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Since for ¢ € (1, 2] one has, [10],

p (f‘f log ufT) <p (|f — uf|"log H) S — o (31)

using (30) we arrive at

q _ 201y + D + log Z
L (fqlog #) < {(Zq_la/—l—Zq_lq_qa/C') + ( +M+ 0g )}M‘Vﬂq
which ends the proof of the theorem. |

Using Theorem 4.1 together with results of Section 3, (q-Poincaré inequality),
we arrive at the following result.

Corollary 4.1 The probability measures dp = e=V=Vdu,/Z', with p > 2,
described in Theorem 2.5 satisfies the following coercive inequality

|f1?
pl f]?

with % + }% =1 and a constant c € (0,00) independent of a function f.

(117108 L5 < v (LS,)

4.2 Sub-quadratic Case.

Theorem 4.2 Suppose 0 € [1,2] and let ¢ = @. Then there ewist con-
stants C, D € (0,00) such that

Jriuh

[ 2dug
8
Proof: We note first that if § € [1,2], then ¢ € [0,1]. Put g = %ld—
2
We have the following inequality

S S
/f2 dyip = /g2 (|log% + Bd’ —10gZ|> A

2 S
d)\+/g2 (ﬂda)gd)\+llogZ|§/g2d)\ (33)

log

S
iy < C [ 194Pds + D [ Py (32)

2

[ f2dpg

§/92
:/92

log

[ g?dx

g2

[ g2dX

S
log d)\—{—ﬂg/fzdegdug + | log Z|§/f2du9
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Assume first that ppf? = [ g?d\ = 1. Then we have

2 S
/92 (|10g%\) d\ < /92 (10g+92)§d)\+D<
2+¢e\° 7=\’
< ( . ) log,, (/ gz+5d/\) + D,

with D¢ = sup,eo1) @ (log %)g Choosing suitable € € (0,1), we can apply
Sobolev inequality, (with constants C', D € (0,0)), to get

S S S
/92 lo < <¥> (1og+ <C/|vg|2dA+D/g2dA)> + D,

Cl/|Vg|2d)\+D1
with

92

T g2

and

2+¢e\° -
Dlz{s( 6 )D+%7S+D§}

where s € (0, 00) and 7, 5 € (0, 00) is a suitable constant. Using the definition
of g, we have

1
/’vg‘2d)\SQ/’Vf‘QdM9+§/B292/f2d2(0Ud,ua

Now applying the U-bound of Theorem 2.6, we get

1 1
JIZRCE (2 ; 55?9?@) [ Vst + 55000 [ P

Thus we get (for the normalised function g)

/92

with some constants Cy, Dy € (0,00). Now coming back to (33), we note
that since 6 = 2(f# — 1), we can use again the U-bound of Theorem 2.6 to
bound the second term from the right hand side of this relation. Combining
this with (34), we arrive at the following bound

/s

2

g
[ g?dX

log

log

de due /]Vf\ dpe + D (35)

14



with the constants C' = Cy 4+ °Cy and D = Dy + 3Dy + |log Z|°. At this
stage we can remove the normalisation condition to arrive at the desired
bound (32).

OJ

Using Theorem 4.2, we prove the following tight inequality.

Theorem 4.3 For 6 € [1,2] and ¢ = 2(9;1), let

®(z) =2 (log (14 2))°

Under the assumption of Theorem 4.2, if additionaly pe satisfies Poincaré
inequality, there exists a constant cy € (0,00) such that

;m¢w%-—¢umﬂ>Sc@/WVmew (36)

Proof: First we note that

N

1+ f2
1+ pgf? (37)

1o®(f%) — ®(po f?) < pof? |log

and

N

= pox(f* > pof?) f?

S

1+ f2
1+ o f?

1+ f?
1+ po f?
1+ f2
L+ pg f?

pof? |log log (38)

<

+uox (f* < pof?) f?

log

On the set {f > upf?} we have 1_1:;?:;2 < Mﬁ; and so

S

< pof?

S

f? f?
o f? o f?

On the other set {f < ppf?}, we have % <1+ ”;—{2, and therefore

pox(f? > uaf?) f? |log log

S

1 2
log s < 2pq f*

pox (% < paf?) f? Th 0l

Using these relations together with (38) we have

N

+ 210 f* (39)

2

(%) = Do) < pof* o -4

log

15



and thus, by Theorem 4.2, we obtain
po®(f?) — D(ugf?) < Cuo|VfI* + (D + 2)po f* (40)

Now according to Lemma A.1 of [33], one has the following analog of Rothaus
lemma for a probability measure with Orlicz function ® given in the theorem:

Ja,b € (0,00)

v®(f*) —d(vf?) <a [V(I)((f —vf)?A) - ow(f - Vf)Z)} +bu(f—vf)? (41)
Combining (40) and (41) with the Poincaré inequality for the measure

1
po(f — pof)* < MM9|VJC|2
we arrive at the following result

D+b

(1) - @{pos?) < [+ 220 g

Summarising, in the current section in essence our methods were based
on the fact that the primary part of the interaction where a nice function of
certain unbounded function d which length of the gradient |Vd| (with respect
to a given set of fields) was bounded from above and stayed strictly away
from zero. We also used number of times the Leibniz rule for the fields.

4.3 From Coercive Inequalities to U-Bounds.

For a probability measure du = e"Yd\/Z, we have shown that if for ¢ € (1,2]
the following bound is satisfied

[rawvr vy e [[9rpaps o [
together with g-Poincaré inequality
Muplf — pfl* < pV %,
then the following LS, inequality holds

AfI"
plfle

We show that the following result in the converse direction is true as well.

| f|*log < cu|V f?
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Theorem 4.4 Suppose q € (1,2] and for some constants a,b € (0,00) , we
have

VU9 < aU +b

and assume that the measure dy = e=Yd\/Z satisfies LS,. Then the follow-
ing U-bound is true

/WWWSC/WWW+D/UWu

with some constant C, D € (0, 00) independent of f.

Proof: We note that by relative entropy inequality one has

| f1?
pl f|?

1 1
n(f17U) < Zulf|"log + (gloguewu) pl f1?

Hence, if LS, is true, we get

pl500) < [ 197d+ (g loguew) ulfe

Thus we will be finished if we show pe?V < co. This follows from the follow-
ing result.

Exp-Bounds from LS,

Theorem 4.5 Assume that a measure j satisfies LS, with some q € (1,2].
Suppose that for some constants a,b € (0,00) , we have

IV <af+b
Then the following exp-bound is true
petd < oo

for all t > 0 sufficiently small.

Remark: For the case ¢ = 2 see [1].

Proof: By our assumption, we have
gq
pg?log =— < cu|Vgl®
Hg?
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It is enough to prove the bound under additional assumption that f is
bounded. Namely, given L € (0,00), replace f by F = x(|f|] < L)f +
Lx(|f| > L). F satisfies our assumptions with the same constants. So we
will get the claim letting L go to oo.

Since now f is bounded, exptf is integrable and we have

of
7 (6” log e—t) < cq it (e |V f|7)
pett

By our assumption |V f]? < af + b, so we get
el
1 (etf log —t) < caq "t (etff) + cbqg™ (etf)
pett
which can be rearranged to get

t tf
(1 —caq " Y ad log ¢
pett

tf) < caq " log i (etf) + cbq™ 1
e

Taking into the account that

ett ett d1
os ) = 2L 2 10g et
a <,uetf & pett it o8He
and setting G(t) = 1logue'/, after simple transformations we obtain the
following differential inequality

%G(t) < BtIEG(t) + 112

with §(t) = (1_;‘;‘1%[;,1) and (t) = (l_czl;qf;;,l) which are well defined for

caq~ 7' < 1. Since G(t) — uf ast — 0 and g € (1,2], for cag 7! < e <
1, after integration we get

cbqg™1 B cag™® (! _9
Gt) <puf+——o——t7 "+ / dr T7°G(1)
(¢—1)(1—¢) (1—¢) Jo
In our range of ¢ € (1,2], this can be solved by iteration. Since G(t) is
nondecreasing, in this interval one also has

cbqg™1 -1 caq™?
G-Di-9 ‘Ta-na-9

which for #{f_e)tq_l = § < 1 yields the following bound

G(t) < uf + G

pet =Y < exp{tuf + Ct7}
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with C' = %. One can check that our bound is independent of the cut
off L in the given interval of ¢.

By the above we have shown the equivalence of the LS, and U-bounds
in particular in the cases of natural interactions dependent on the metric.

Similar considerations can be provided in the subquadratic case for which
the exponential bounds are known (see e.g. [31], [5]).

5 Weighted U-Bounds and Coercive Inequal-
ities.

Let p > 2 and suppose f is a smooth function supported away from the
origin. Starting with the identity

FHVHeF = a v () i vy e
squaring and integrating with the measure d\, one obtains
/ =V e~ dX > pp / @1V (fe ) - (Vd) fe
252 .
/d% “2|VdP e A

Hence, after integration by parts in the first term on the right hand side and
simple rearrangements, one arrives at the following bound

_a 2 _—Bdp p252 2 ( 2p—a—2 2\ _—pdr
d~*|Vf|“e d)\zT f?(d IVd|*) e 7" dx

—a—1 "
_/f2 |:p(p Z )ﬁdpfan‘VdF pﬁdp a— 1Ad:| —pBd d\

If we choose o = p — 2 and assume |[Vd| > £ > 0, we obtain
p’p’
/d—a|vf|2€—,@dpd)\ > F/deI)e—ﬂdpd)\
o

_/f2 {p(p—; 1)ﬁ|Vd|2 + ]%ﬁdAd] B 7\

Finally assuming that there exists constants K € (0,00) and § € (0, ’f fj),
such that
po

p(p+1)8

5 dAd<K+(5dp

Vd|* +
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we arrive at

212
(]ﬁ —5) / Frdre™ 7\ < / AV f2e " d) + K / Fre PP )\
g

By adjusting the constant on the right hand side and replacing d~¢ by
<d>"°=(1+d*)~%, we conclude with the following result.

Theorem 5.1 Let du = e P¥dN/Z with p > 2. Suppose there are constants
o €[1,00) and K € (0,00) and 6 € (0, 22%) such that |Vd| > L and

Y 40-2

p?ﬁdAd < K +o0d”

p_ﬁ|w|2 +

2

Then there are constant C, D € (0,00) such that
pfPd? < Cu(<d>*"|Vf[°) + Duf?

Using this bound, by similar arguments as in the proof of Poincaré inequality,
(see Theorem 3.1), we now obtain

Theorem 5.2 Under the assumptions of Theorem 4.4 there is a constant
M € (0,00) such that

M p(f—pf) <p(<d>""|Vf])
Finally following our strategy from the beginning of Section 4, (see proof
of Theorem 4.2), with appropriate amendments, we arrive at the following

coercive inequality.

Theorem 5.3 Under the assumptions of Theorem 4.4 there is a constant
c € (0,00) such that

U <f2 log Mf—;) <cp(<d>*"IVfP)
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5.1 Weighted U-Bounds and Coercive Inequalities:
Distributions with Slow Tails on Riemannian Man-
ifolds.

In this section we consider a noncompact smooth Riemannian manifold M of
dimension 3 < N < oo. In this setup d(z) denotes the Riemannian distance
of a point = from a given point xy € M called later on the origin. By V and
A we denote the gradient and Laplace-Beltrami operators, respectively.
The aim of this section is to discuss coercive inequalities involving proba-
bility measures du = pdx with density (with respect to the corresponding
Riemannian measure d\ on M) which is of the form p = e~V /Z with lead-
ing part of the function U given by a concave function (and therefore also
defining a non-Riemannian distance on M ). In particular we will consider
the following cases:

(i) U(d) = pd*, with a € (0,00) and § > 0,

(i) U(d) = Blog(l + d) with 5 > 0.

Before we go on we recall the following Laplacian comparison theorem,
(cf [11], [30] ([37], [46]-[47])). For a complete Riemannian manifold M with
Ric > (N — 1)K where K € R:

(x) If K <0, then Ad < (N —1)d' + (N —1)/|K]|
(%) If Ric > 0, then Ad < (N —1)d™*

By similar computation as we have done in Section 2, for a smooth nonnega-
tive function f localised outside a ball B. = B.(x) centred at the origin we
consider a field

(Ve "=V (fe ")+ f(UVd) e . (42)
to which we will apply a functional

a(v) = /W(Vd V) dA. (43)

defined with a positive weight function W = W(d) to be specified later.
Using the fact that |Vd| =1 (for d # 0), together with arguments involving
Holder inequality and integration by parts one arrives at the following bound

/ fyeldr < / WV fle Va\ (44)

with
V = xm\p. (WU' — div(WVA))
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Later on we will extend V to B; in a convenient way by adding an arbitrary
bounded continuous function. One can handle a function of arbitrary sign
replacing f by |f| and using equality V|f| = sgn(f)V f. To include f which
are non-zero on a ball centred at the origin we write f = fy + fi where

fo=of, fi=(1—-¢)f and ¢(z) = min(e, max(2e — d(x),0)). Then

/ IV = / IV + / FIVdy
d(z)<2e )>2¢e

(45)
< sup () [ olfldn+ [ |fvau
{d<2¢}
Next we have
1
VA< IVfI+ EX{s§d<25}|f|7 (46)

and therefore

[1avan< [wa-orvsides s W) [ fla )

{e<d<2e}

Combining (42) - (47) we arrive at the following bound

[1svau< [wi-oviida+ sup v) [ olfldu

{d<2¢e}
(48)
+ s (W) [ |fid
{e<d<2¢e} e<d<2e
Hence with
B= sup (V)+ sup (¢ 'W),
{d<2¢} {e<d<2¢e}
we have
J1svau< [wivsidn+ 5 [ \fidn (49)
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Case (i)

For U(d) = 8d*, with o € (0,00) and 3 > 0, choosing W (d) = a~'d*, with
Kk > 1, we have

V=WU —diviWVd) =U — o 'kd" — a 'd"Ad (50)

Thus if (*) holds, we have

V> Bd*F — g (a‘lnNd"“_l +a YN - 1)\/|K|d"> (51)
Hence we conclude with the following result

Theorem 5.4 Let dy = e Yd\/Z with U = 3d* where o € (0,00). Suppose
Ric > (N — 1)K with K <0.
o Ifa > 1, then for any k > 1, there exist constants ¢1,by € (0,00) such that

[1nwdn < e [ @19 sl [ 1flan (52)

e lfa=1and 8 > a (N — 1)\/m, then for any k > 1, there exists
constant c1,by € (0,00) such that (52) is true.
e [fa € (0,1) and Ric > 0, then for any k > 1, there exist constants
c1,b1 € (0,00) such that (52) is true.

Moreover if (52) holds, then for any q € (1,00), we have

[1svdu< s [ @19 pd+ b [ 170 (53)

with ¢y = e AT B [1 — ¢1/(pA\)] ™ and by = bi[1 — ¢1/(pA)] L.

The second part follows from the first by substituting f?¢ in place of f and
using elementary arguments involving Young inequality.

As a consequence, by similar arguments as earlier in this section, we
obtain the following result on possible coercive inequalities.

Theorem 5.5 Let dy = e Yd\/Z with U = 3d* where o € (0,00). Suppose
Ric > (N — 1)K with K <0.
o [fa > 1, then for any k > 1, there exist constants ¢ € (0,00) such that
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q o
u|f|q10g% <e / 2|V flody (54)

e Ifa=1and 3 > a (N —1)\/|K|, then for any k > 1, there exist a
constant ¢ € (0,00) such that (54) is true.
o I[fa € (0,1) and Ric > 0, then for any k > 1, there exist a constant

c € (0,00) such that (54) is true.
As a consequence the following inequality holds

Molf =t < [ @9 sl (55)
with some M € (0,00).
Case (ii)

For U(d) = flog(1+d) with 8 > 0, choosing W (d) = dlog(1+d) and setting
V=U+xmp WB1+d) ™" —div(WVd))
= U — xm\5.[1 +1og(1 + d)] — xan B.d1og(1 + d)Ad

Thus if (*) holds, we have

(56)

V > U=yunyp. [1+1og(14+d)] =y, dlog(1+d) | (N = 1)d™" + (N = 1)y/[K]|
(57)
Hence we conclude with the following result

Theorem 5.6 Let du = (1+ d)"Pd\/Z with a € (0,1). Suppose Ric > 0.
If B > N, then

/ flUdp < / dlog(1 + d)|V fldys + by / fldy (58)

with
0155'[5—]\[]_1

and

bh=p-[3—N|". <N+ sup (V) + sup (z—:_lW)) ,

{d<2e} {e<d<2e}

Hence, there exist cg, by € (0,00) such that

[1s1vdn <, [ anos+ 9 fird v, [ 17 (59)
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The second part follows from the first by substituting f?¢ in place of f and
using the following Young inequality

AV = q (|- AV f]) < NIV F]7 + %A‘plﬂq
which implies

/ dlog(1 + d)|V f1|dy = / dlog(1 + d)gl {17V fldy

< Aq/dQ1og(1+d)|nyqdu+%Apflog(Hd)q\f\qdu

From this and (58), choosing Cl;%/\_p < 1, one obtains

[151van < ¢, [ atio(t+ Ivsitdu+ b, [ 157

with ¢, = il A(1 — e ZA7) 7 and by = bi(1 — A7)~

As a consequence of the above theorem, using arguments similar to those
of sections 4.1 and 4.2, we derive the following result on possible coercive
inequalities.

Theorem 5.7 Let dy = e #1e0+ddy /7 with 3 > N. Suppose Ric > 0.
Then for any q > 1, there are constants My, c, € (0,00), such that

Ml f — pflt < (1 + d)log(e + )|V f]1 (60)
and
ulflqlog% < copi(1 + d)tlog(e + )|V f]° (61)

5.1.1 Weighted Inequalities at Large (3

Let U = fBlog(1l + d), with § > N = dim(M). While the above results are
true for any # > N, we will show that for sufficiently big 4 and Ric > 0 due
to the special nature of the interaction it is possible to improve the weight
in the Poincaré and related Log-Sobolev inequalities.

We start from noting that for a nonnegative differentiable function supported
outside a ball of radius r centred at the origin, one has

/(1 +d)|Vfle Vdx > /(1 +d)Vd-Vfe Vdx
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= /(1 +d) [Vd-V (fe ") + fVd- VU] dx
and so, taking into the account that |V f|*> = 1, one gets
/f [B—1-(1+d)Ad e Ydr < /(1 +d)|V fle Ydzx

When Ric > 0, we have Ad < (N —1)d~! which implies the following bound

Mg/fe_de < /(1+d)|Vf|e_Ud$ (62)

r

where My = [ﬁ - N-— (N_l))} Since |V f| > |V|f||, this inequality remains

true for not necessarily positive function with f replaced by |f| on the right
hand side. Let now consider the following cutoff function

1 for 0<t<2r
xt)=<1-E1D) foror <t <R
0 fort>R

with some R > 2r to be chosen later. Setting f; = (f — pf)x and fo =
(f = nf)x, we have ) )
plf = wfl < plfil + plfel

As fl is compactly supported Lipschitz function, there is an m = mpg €
(0, 00) independent of the function f, such that

plfil < mp'p| Vil < mi! u(|V fx)+— p(|f — nflx(2r <d < R))

R(R - 27")

The second term on the right hand side can be treated with the help of (62)
as follows. Setting x to be a Lipschitz extension of x(2r < d < R) supported
outside the ball of radius r, we have

p(lf = uflx@r <d <R)) < p(lf — pflx) < Mg" p(1+d)[Vf|

M5 sup |V pilf = pf|

Thus we obtain

- ~ 1
<mz < R V/ b 1+d %
plfil < mp pl VAl < |mg +mR(R_2T) 5 | n(L+d)|Vflx (63)
1
R, V/ ot ¢ —

26



On the other hand applying (62) to f; we obtain

ol < M3 DIV 10—+ M5 0 (1 — (< d < B)) (64

Combining (63) and (63) we arrive at

plf = wfl < cop(1 + )|V f + bop| f — puf | (65)
with .
“= {m? t Cantr =z P OMs }

and . LR
_|_

bo= M7 [ —— sup |V +

0 A (7”/LR(R—27’)SUID| X|+R—r)

Since given R > 2r, one can choose 3 > N sufficiently large so that by < 1,
we conclude with the following result

Theorem 5.8 Suppose U = Blog(1 + d), with 3 > N, and Ric > 0. Then
there exists B3y > N, such that for any 3 > [y, one has

Mulf —pf] < p(l+d)|V (66)

with some constant M € (0,00) independent of f. Consequently, we have

Moplf = pf1? < (1 +d)!V f|? (67)
with some constant M, € (0, 00)

The second part of the theorem follows by similar arguments as the ones used
in the proof of Proposition 2.3 in [10].

Next we study the relative entropy estimate as follows. For a non-negative
function f, setting f; = fx and fo = f(1 — x) with the same Lipschitz cutoff
function y , we have

e s P
pflog of < ufilog i + pf2log ih

Since the function f; is compactly supported and the density of the measure
p restricted to the ball Br(xo) bounded and bounded away from zero, (via
the arguments involving Sobolev inequality) we get

wfrlog % < ap|V Al < eap(|VFIx) + bsup [Vx|uf (68)
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with some constants ¢, b, € (0,00) independent of f. Next we apply similar

arguments based on Sobolev inequality with the function F' = fee”

= Thed and

the Riemannian measure dx to get

F
/Flogmdxga/]VF\da:—i-b/Fdx

with some constants a,b € (0,00). Hence we have

[1f2 IOg% < ap|VfI(1=x)+puf(1=x)(a|lVU|[+b—log Z) + nf2U (69)

In our current setup we have |[VU| < 3. Moreover, by simple relative entropy
arguments, we have

1 e 1 \U
pfolU = X,Mf2 IOgueW + Xlogue S

1 f2 1 AU
< Zpfylog - + =1
< /\MfQ o8 + 7 log pe pf

which hold provided that § > N + \. If we can choose A > 1, this together
with (69) implies

1fzlog % < ol V(1= x) + bapuf (1 — ) (70)

with
co=a(l—X1)"!
and

1
by=(1-X1"]aB+b—log ZX log eV

Combining (70) and (68) we arrive at the following result

Theorem 5.9 Suppose U = (log(1 + d), with B > N, and Ric > 0. Then
there exists 3y > N, such that for any 3 > [y, one has

uf 1ogu—f; < eu(1+ d)[Vf| + buf (71)

with some constant ¢,b € (0,00) independent of f. Consequently, if the
weighted Poincaré inequality (67) is true for ¢ > 1, we have

fa
fuf* IOg,u_fq < cuu(1+ d) |V f|* (WLS,)
with some constant ¢, € (0, 00).
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We remark that (71) implies similar weighted LS, inequality with f replaced
by |f|? and |V f| by its g-th power (which follows simply by substitution
and use of Holder inequality), while the tightening is obtained via Rothaus
arguments (see e.g. [10]).

6 Optimal control distance on the Heisen-
berg Group.

Heisenberg group H; as a manifold is isomorphic to R**! = R x R with
the multiplication given by the formula

1
(x1,21) 0 (wg, 22) = (x1 + @9, 21 + 22 + 55(1’1,952))

where S(z,y) is standard symplectic form on R?:

l

5(37; Z/) = Z(Jiiym - SCz'Hyz‘)-

i=1

Vector fields spanning the corresponding Lie algebra are give as follows

1
X; =0y, + §xi+laza

1
Xi+l =0,

Titl E

Z =0,

'xiaza

where 1 =1,...,1[.
More generally, we say that a Lie algebra n is a stratified Lie algebra if
it can be written as
n = @"n;,
i, n;] C 0y
and n is generated by n;. Note that stratified Lie algebra is nilpotent.

We say that Lie group N is stratified if it is connected, simply connected
and its Lie algebra n is stratified. Since for stratified groups exponential
mapping is a diffeomorphizm from n to N, one can identify N with n.

A Lie algebra is step two if it is stratified with m = 2. In other words it

can be written in the form
n=véez

where z is the center (that is [n,z] = 0) and [v, V] C z.
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On a stratified Lie algebra n we define dilations by the formula
§(s)r = s'w

for € n; (and extend linearly to the whole n. For s # 0 d(s) is an auto-
morphism of n. One can also define dilations on the corresponding group:
5(exp(X)) = exp(3(X)).

A Lie algebra n is of H-type (Heisenberg type) if it is step two and there
exists an inner product (-,-) on n such that z is an orthogonal complement
to v, and the map J : v — v given by

<JZX7 Y> = <[X7 Y]7Z>

for XY € v and Z € z satisfies J2 = —|Z|?[ for each Z € z. Equivalently,
for each v € v of length 1 the mapping ad;, given by

(adyz,y) = (2, advy) = (2 [v, y])

is an isometry from z* into v*.

An H-type group is a connected and simply connected Lie group N whose
Lie algebra is of H-type. We can identify H-type group N with its Lie algebra
n defining multiplication on n by the formula:

1
(v1,21) - (v2, 22) = (V1 + v, 21 + 29 + §[U1,U2])

where v1,v9 € v and 21, 25 € Z.

It is easy to see that Heisenberg group is an H-type group. Also H-type
group with one-dimensional center is isomorphic to the Heisenberg group,
however there exist H-type groups with center of arbitrary high dimension
[29].

On H-type group we consider vector fields Xi,...,X,, which form an
orthonormal basis of v and we introduce the following operators

Subelliptic gradient:

Vi=(Xf,. .., Xuf)

Kohn laplacian
A=) X7
i=1

On Heisenberg group H; n = 2l and

2

2l l
=1 =1
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On general H-type group we similar, but more complicated expression:

n k k
L EDND WIS W
i=1 =1 1=1

where J,; are vector fields corresponding to rotations.
Length of a curve: smooth v : [0,1] — G is admissible if 7/(s) =

St ai(s)X(v(s)). If v is admissible, then || = fol(zyzl a(s))V2.

Distance
d(g) = inf |v|

where infimum is taken over all admissible 7 such that v(0) = e and y(1) = g.
d is homogeneous of degree 1 with respect to the dilations d(s), namely
for s >0

d(é(s)g) = sd(g).

Lemma 6.1 On H-type group Z distance d((v, z)) depends only on |v| and
|z|. Moreover if v,z € Hy, |v| = |0|, |z| = |Z|, then d((v,2)) = d((v, Z)).

Proof: Fix vectors V,Z € N such that |V| =1, |Z| = 1, v = [v|V,
z = |z|Z. Put X = Jz(V). Since J; is antisymmetric and Jz = I, J; is
orthogonal, so | X| = 1. Also, for any S € z of length 1, we have

(X, Y], 9)] = [(Js X, V)| < | X][[Y]

SO since

<[V7X]7Z> = <']ZV7X> = <X7X> = ’X|2 =1

we have [V, X| = Z.

Now, it is easy to see that the subgroup (in fact a subspace) of N gen-
erated by V, X, Z is isomorphic to H;. Consequently, using images of curves
from H; to join ) with (v, z) we see that d((v,z)) < d(((|v],0),2)) where on
the right hand we have distance in H;.

To get inequality in the opposite direction consider quotient group N/M
where M = {t € z : (t,Z) = 0}. It is easy to see that N/M is still an
H-type group (note that since N/M has one dimensional center it is enough
to check the defining property just for Jz). Hence, N/M is isomorphic to the
Heisenberg group of appropriate dimension. For Heisenberg group our claim
is well-known. |

If is known [35] that on Heisenberg group if g = (z,2) and = # 0 then d
is smooth at g and |Vd| = 1, however when x = 0 than d is not differentiable
at g.
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Lemma 6.2 Let A, = (r,z) e R*:2>0,r > —cz. There is e > 0 and a
smooth function 1(r, z) defined on A, such that on each group N of H-type

d((z, 2)) = ¥(|zl, |2])-
Moreover, 0,1 < 0 when r = 0.

Proof: First, by Lemma 6.1 without loss of generality we may assume
that N = H;. Also, if |x;| = |z3| and |z1| = |22, then d(zq, 21) = d(x2, 22),
so 1 is uniquely defined for r > 0. We need to show that it has smooth
extension to A.. Since d is homogeneous, it is enough to construct smooth
extension in a neighbourhood of a single point g = (0, 1).

There exist a smooth geodesic (length minimizing curve) ~ joining e =
(0,0) and g. We use length as a parametrization of v, so v(d(g)) = g. For
s < so = d(g) we have d(v(s)) = s.

Let v(s) = (7z(s),7.(s)). Since square of Euclidean distance is smooth
172]? is smooth. We can write |v,|?(s) = (s — s0)?p(s) where p is smooth
and p(so) = 1, so |72]?(s) has a square root ¢(s) = (s — s)p*/?(s) which is
smooth for s close to sy. Since both ¢ and |v,| are positive square roots of
|72]? for 59 — € < s < 59 we have

[72(s)| = &(s)

for sg — € < s < s9. Put

n(s,t) = (te(s), *7:(s)).

Since 7 is admissible |v.|'(so) = 0 so the Jacobi matrix at (s,t) = (sg, 1) is

-1 0

0 2
and by the inverse function theorem 7 is invertible in a neighbourhood of
(80,1). So, there exist fi, fo such that

(T’,p) - n(fl(rap)ﬂ fg(?“,p)).

We claim that ¢ (r,p) = fi(r,p) f2(r, p) give us extension of ¢ to a neighbour-
hood of g. Consider (z, z) close to g. Let (s,t) = (fi(|z], 2), f2(|z],2)). We
have

2] = 16(s) = thra(s)] = [(0:7(8))al,
2 =1t"7:(s) = (0y(s))-
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SO

d((z,2)) = d(ory(s)) = td(v(s)) = ts = fi(r, 2) folr, 2) = ¢ (1, 2).

Now it remains to find sign (0,¢)(0, z). Form equality (r,p) = n(fi(r,p), fo(r,p))
we see [ =1’ f'. We substitute (r,p) = (0, 1) and note that this corresponds

to (so,1). So
(0 1)=(a2)(57)

and using first row we get 1 = —(09, f1)(0,1), 0 = —(9,f2)(0,1) so

(87",4/})(07 1) = <8rf1>(07 1)f2(07 1) + fl(()? 1)(8rf2)(07 1) = (arfl)(ov 1) = -1
0

Theorem 6.1 If N is an H-type group, then there is K such that if d(g) > 1,
then
Ad < K

where A is understood in the sense of distributions.
Proof: Due to homogeneity, it is enough to prove the inequality only for

g with d(g) = 1 (more precisely, in a small neighbourhood of each such g).
Namely, if s = d(g) > 1 then

Ad(g) = s72Ad(d(s)g) = s~  Ad(g).

Next, d((z, z) is smooth when z # 0, so it is enough to prove the inequality in
a small neighbourhood of (0, zy) where 2z, > is chosen so that d((0, z9)) = 1.
Below we give computation on Heisenberg group:

X

aﬂczd(($’ Z)) = 3$z¢(|5’3|>2) = —87»’17/)(|$|,Z),

i
|z]

2 d((x,2)) = Owi(—-0,4(|], 2))

|z
_ T 1 x?
- ‘iL‘PaT (|£E’,Z) + (m&"w(’x‘vz) - ’l"g r¢(|$|72)>
2 2n —1
> 0rd((w,2) = W&«w(lxl, 2) + (|l 2),
=1
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(10, = 00, )0, 2)) = (S = =00l 2) =0,
_ 2
Ad((2,2)) = 2= L0 0(al, 2) + B20(lel, 2) + o2l 2).

|z 4
Since 1 is smooth the second term and third term is bounded in a neigh-
bourhood of (0, zg). Since 0,1(0, 2zp) < 0 the first term is unbounded, but
negative in a neighbourhood of (0, zp), which gives the claim on Heisenberg
group.

On general H-type groups instead of 4,0, — 7;0,,,, one must handle
the J,; term. However, since J,; generates rotations in v space and d is
rotationally invariant again J, ;d = 0. 0

2

6.1 Counterexample for homogeneous norm

On stratified groups N one may introduce a homogeneous norm, that is a
continuous function ¢ : N +— [0, 00) such that ¢(e) = 0, ¢(x) > 0 for = # e
and ¢(ds(z)) = sp(x) for s > 0. Homogeneous norms are equivalent to each
other, if ¢; and ¢, are two homogeneous norms, then there is C' such that

C™ o1 < o < Chy.

The optimal control distance d gives one example of homogeneous norm,
but there are others. In particular, it is possible to choose homogeneous
norm so that it is smooth for x # e (we will call such homogeneous norm
smooth). Smooth homogeneous norms are convenient in many situations.
For smooth homogeneous norm ¢ the condition (A¢)(z) < K for ¢(z) > 11is
automatically satisfied. However, we are going to prove that for such norm
|Vo|(x) = 0 for some z # e, and consequently log-Sobolev inequality like the
one for optimal control distance can not hold.

Theorem 6.2 Let N be a stratified group, and ¢ be a smooth homogeneous
norm on N. There exists x # e such that |V¢|(z) = 0.

Proof: Let X1,..., X, be a basis of n;. We claim that for (ay,...,a,) €
R" — {O}’

D ai(Xig)(exp() | aiX;)) > 0. (72)

Namely, exp(t )" a;X;) is a one parameter subgroup of N, so
D(plexp(t Y aiXi) = Y ai(Xig)(exp(t Yy a;X;))
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However, by homogeneity

Ou(d(exp(tY  a;Xy)) = Oy(td(exp(D  aiX;)) = dlexp(d_ a; X;) > 0

so (72) holds.

Using the Xi,...,X,, basis we identify n; with R™. This identification
gives us scalar product on n;. We extend this scalar product to a scalar
product on n such that n; is orthogonal to n; for ¢ # j.

Let S (S) be the unit sphere in n; (in n respectively). Define mapping

n: S +— S by the formula n(x) = % (note that we use identification

n; = R" here). By (72) on S |V¢|(exp(z)) > 0 so n is well defined. Also,
n is homotopic with identity. Namely put x(> a;X;) = (a1,...,a,). If f; is
defined by the formula f;(x) = tn(z)+ (1 —1)yx, then for x = ) a;X; we have
(fi(x),z) > 0, so f; takes values in R™ — {0}. Consequently g:(z) = GZEg'
gives homotopy of mappings from S to S.

If (Vo) (exp(z)) # 0 on S, then 7 is homothopic to a constant. Namely,
S contains a homeomorphic copy of n + 1 dimensional disc D having S as a
boundary and % gives required homotopy. However, it is well known
that identity of the sphere is not homotopic to a constant — so we reach con-
tradiction with assumption that (V¢)(exp(z)) # 0. O]

Lemma 6.3 If f is smooth function on a stratified group N, d is optimal
control metric on N, xq € N s fized then

[f(x) = flzo)| < O(d(z, x0)).
If additionally (V f)(x¢) = 0, then
[f(x) = f(=zo)] < O(d*(w, x0)).
Proof. Let 7 : [0,1] — N be an admissible curve joining zo and z. We

have ~/(s) = 3 ai(s) Xi(v(s)), so

(@) — Fao)| = / (for)| = / 1Y ails)(Xif) 0

< / IV f) o] < 7] sup [(VF) o(s)].

s€[0,1]

Put r = d(x, o). If |y| <7 +¢, then y(s) € B(z,r + ¢) and
[f(x) = f(xo)| < (r+e) sup [(VI)(y)].

yEB(z,r+e)
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Taking ¢ — 0 we get
|f(x) = flzo)] <7 sup [(Vf)(y)-

yeB(z,r)

Since f is smooth the supremum is finite which gives the first claim of the
lemma. If (Vf)(x¢) =0, then we can apply the first part to X;f and get

sup [(Vf)(y)] < Cr sup [(VVf)(y)l,

yEB(z,r) yEB(z,r)
[f(z) = fzo)] < Cr* sup |[(VV)(y)|
yeB(z,r)
which gives the second claim. O

Theorem 6.3 Let N be a stratified group and ¢ be a smooth homogeneous
norm on N. For 3 > 0,p > 1 put ug, = exp(—0B¢P)/Zd\, where Z is a
normalizing factor such that pig, is a probability measure. The measure jig,
satisfies no LS, inequality with q € (1,2].

Proof: Fix 8 > 0, p > 1, ¢ € (1,2]. Suppose that s, satisfies LS.
We are going to show that this leads to contradiction. Let zy be such
that (V¢)(zg) = 0. For t > 0 put r = t(P)/2 and f = max(min((2 —
d(x,txg))/r,1),0). By homogeneity and Lemma 6.3 we have ¢(x) — ¢(txg) <
Cyr? on B(txg,2r) = {x : d(z,tzg) < 2r}, so ¢(z)P — ¢(tzg)? < Cy. Conse-
quently the exponential factor in g, is comparable to a constant on support
of f. Also |[Vf] <r~! and

15| f19 =~ 19 exp(—Be(tzo)P),
log(pgplf|7) = —tP,
15|V f| = 779 exp(— B (tao)),

a1 0Bl = [ |f19dpy = 0 exp(— B ).

B(txzo,r)
Using LS, we get
tPr? exp(—Fo(txy)P) < Mr—9@ exp(—F¢(txo)?)

for large ¢, so
< Mr~9 = Mit—a(=p+1)/2

for large t, and p < q(p—1)/2. Since p > 1 and ¢ < 2, this implies p < p—1
which is a contradiction. O
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7 Log Sobolev Inequalities for Heat Kernel
on the Heisenberg Group.

The heat kernels bound of the following form

1

C —%d2(m)t
C|B(e,t1/2)]

—G’d2(27)t < t <
CT SRS

were well known since a few decades, see e.g. [19], [45] and references therein.
While the measures corresponding to the densities on the left and right have
nice properties and in particular satisfy Poincaré and Logarithmic Sobolev
inequality, this kind of sandwich bound does not imply similar properties
for the measure corresponding to the density in the middle. Namely on a
stratified groups one can write:

C'p(x,t/0) exp(—¢*(2)/t) < Cp(z, t)

1

= [B(e, 072
where ', 0 > 1 are constants and ¢ is a smooth homogeneous norm. In
Theorem 6.3 we proved that the density in the middle does not satisfy Log-
arithmic Sobolev inequality. We give another example in the Appendix I.

In [32] it was observed that asymptotics from [27] imply the following
precise bound (extending [6]) on the heat kernel p (at time ¢ = 1) on the
three-dimensional Heisenberg group Hi:

e (HK)
There exists a constant L € (0,00) such that for any v = (x,z2) € Hy

L1+ |xlld(@) % e < pla) < L1+ |[x||d(x)) F e

_d¥()
4

a2

Let dvp = pod\ = e+ d\/Z and set du = pd.

Theorem 7.1 There ezist constants Cy,Cy, Dy, Dy € (0,00) such that

p (f2d?) < CoplV f1? + Dapuf?

and
p(|fld) < CiplV |+ Dl f|
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Proof : Put W = St log(1+¢||z||d) for some € € (0,1) to be chosen later.

We have )
o [dV||z|] + [|z][Vd|

(1 + elfz||d)?
d + |||
2 2 72
gfem— = < ed" +1
— (L+elzfla)? —

S0, if € is small enough W satisfies assumptions of Theorem 2.5.
Now we observe that for e € (0, 1), we have

VW |* =¢

1
(L4 [falld)"% < (1+ellalld)"= < Z(1+[[alld)"=

This together with (HK) imply we can write u = exp(—W — V') and apply
Theorem 2.5 to get the first claim. We get the second claim using Theorem
2.2. OJ

By similar arguments as in Section 3 we obtain the following result
Theorem 7.2 Let dp = pd\. There exist constants M € (0,00) such that
Mu(f = pf)* < ulVfI? (73)

We are now ready to prove the Log-Sobolev inequality for the heat kernel
measure.

Theorem 7.3 There exists a constant ¢ € (0,00) such that on Heisenberyg

group H, we have
2

f
2
: (f o pf?
Remark: The case of H; is proven in [32]. While our proof uses heat kernel
estimates from [32], in [32] large part is devoted to proof of estimate (1) for
heat kernel measure on H; — using our methods we could give different proof
for this part, but instead we work directly with Log-Sobolev inequality.
Proof: First consider H;. In the proof of Theorem 7.1 we wrote p =
e W=Vuy. Consider now 1 = e Wpu = e Yd\. p, satisfies Log-Sobolev
inequality as a consequence of Theorem 4.1. The result for H; follows, since
1 is equivalent to .

Now, write H,, = G/N, where G = [[;_; Hi, N = {((0, z1),...,(0,2,)) :
> z; = 0} and let 7 be the canonical homomorfizm from G to H,. Since

)SWWW
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heat kernel on H, is an image of product of heat kernels on G = [[;_, H,
and since Log-Sobolev inequality holds on product, we have

2 f2 . om)2 (fOW)Q >
[, (f log anP) = lg <(f )" log (o)

< cua|V(f om)|? = cucl|(Vf) o m]* = cum, |V fI*.

8 Appendix: Examples of No Spectral Gap.

In case of measures on real line the following necessary and sufficient condi-
tion for Poincaré inequality to hold was provided by Muckenhoupt [36] ([2])
which in the special case of a measure du = pdx can be stated as follows:

: 11
Given g € [1,00) and 7+ =1

30 € (0,00) plf — ufl? < plf|? <= Bi = sup Ba(r) (74)

reR*

1
. (/ p_z)p < 0
[0,£7]

Consider p = e Ydx/Z with U = S|z|P(1 + ecosz), defined ¢ € (0,1) and
some (3 € (0,00). Then, with » = 2n7 + %, we have

L 1
2n7‘r+%7r q 2n7r+%7r P
Bi(r) > / e Pl =gy | . / o TEBlTP(1+5) g,
2n7r+%7r Inm—27

3

where

S

B(r) = (u(lr, £0)))

1
> e—ﬁ§|2mr+§7r|iﬁ(1—g) (§W> ¢ _e+§ﬁ|2mr—§7r\1)(1+g) (

e {2 Ly S pa-9))

Qo | W~
3
=

3 3n 2 3n
4 {ﬁ(er)p
— (e
q

~ —Tex
3 p
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Alternatively one can study lower bound asymptotic for By thinking of U =
V + 6V as a perturbation of V' = f|z|? as follows. We notice that by Jensen
inequality
1 [FéVeVdr p [/ 6VeVdx
B.(r,U) > B,(r,V — B 4 B
AR 0) 2 B V) exp { e Bl

Hence one can use a procedure based essentially on integration by parts to
study the integrals in the exponential. For example in case p = 2 one gets
the following an asymptotic lower bound

B (r,U) > By(r,V)exp{—pfercosr+ O(1)}
We summarise our considerations in the above as follows

Proposition 8.1 Suppose p > 1. In any neighbourhood

L -as0slel < ) < (rpmrip0lal

C
with arbitrary § € (0,1) and some C € (1,00), of a measure duy = %
satisfying the Poincaré inequality there is a measure dy = pdx for which this
inequality fails. o

The example provided above illustrates similar phenomenon for other coer-
cive inequalities.
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