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1 Quasi-Newton methods

Last time we introduced Quasi-Newton methods.
Core idea of quasi-Newton methods is to use descent

Tip1 = T + oid;
in the search direction d; given by
di = =S;Vf(z;).

where S; is a strictly positive definite matrix.
How to find reasonable S;,? Write p; = ;11— 24, g: = Vf(24), ¢; = git+1— G-
For quadratic f we have
@ = V2 f(x:)p;.
So reasonable condition is
Sit1q;i = pi-
Equivalently when B; = S;” 1,

¢ = Biy1p;.

Those equations are called quasi-Newton equations (or secant equations).

Quasi-Newton equations specify S; only in single direction, so there is infinite
number of solutions.

Quasi-Newton equations involve S;q; and p;. In "general position" .S;q;
and p; are linearly independent and it is natural to request that update acts
only in this plane and maps orthogonal complement to zero. Still admits one
dimensional family of solutions. Simplest possibility is

Ur(7) = aS;iqi(Siqi, ) + bpi(pi, v)
where a and b are numeric parameters. Then

pi — Siqi = aS;qi(Siqi, ¢;) + bpi(pi, ¢;)



_ —1 _ 1
soa= (S:iqi,q:)? b= (pi,qi) and

(Siqi, ) (pi; )
Siv1r = Siw — Siqi + Di-
" (Siqi> i) (pis qi)
This is called Davidon-Fletcher-Powell update or in short DFP update.
In quasi-Newton equations S; and B; play symmetric role, that is

¢ = Biy1p;.

so alternatively to DFP update we can request update to B; build from g¢;
and B;p;. This leads to formula invented independently by Broyden, Fletcher,
Goldfarb and Shanno or in short BFGS update:

(Bipi, x) (¢, x)
Bipi +
(Bipispi) " (pisai)

Clearly both DFP and BFGS updates lead to symmetric matrices. If (p;, ¢;) > 0,
then both DFP and BFGS updates lead to positive definite matrices. Namely,
when (p;, g;) > 0 then the third term in both equations is positive definite.

One may worry that the second term is clearly negative. However, for DFP
update looking at sum of first two terms we get

s 2
<Sz$ - <SZqZ,x>S¢(]¢,1‘> = (S;x,xz) — M

7.

Bi_Hx = Bix —

(Sigi, qi) (Sidi, qi)
- m ((Siqi» i) (Siz, ) — (Siqi, x)?) .

If S; is positive definite, then term in parentheses is nonnegative due to Schwartz
inequality for the scalar product (S;z,x). Moreover, when S; is strictly positive
definite, then we get zero only for multiples of ¢;. But for multiples of ¢; the
last term is positive, hence S;;1 is strictly positive definite. So, starting from
strictly positive definite Sy, say Sy = I all subsequent S; are strictly positive
definite. Similar argument works for B;.

Above we needed (p;, ¢;) > 0. One can show that when z; is not a stationary
point and S; is strictly positive definite, then exact line search gives (p;, ¢;) > 0.
In general, to have strictly positive definite S;; we need to check if (p;,q;) > 0
during line search.

We introduced DFP and BFGS updates in somewhat ad-hoc manner, but
one can show that they minimize special norm. For BFGS we can take any
strictly positive definite matrix such that Wp; = ¢;. Then S;;; minimizes

IW2(S = S)W 2| s
where S is positive definite satisfying Sq; = p;, W/2 is positive definite square

root and
n n
[Algs =Y laj

j=11=1
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is Hilbert-Schmidt (also called Frobenius) norm.

For DFP we need to write condition in term of B;.

At first glance BFGS update requires solving equation B;d; = V f(z;) in
each step or inverting B; to obtain S;. However, we can formulate update to B;
directly in terms of S;. This uses Sherman-Morrison-Woodbury formula:

Lemma 1.1 Assume A is invertible n by n matriz and U,V aren by k matrices.
A+ UVT is invertible if and only if I + VT A™'U is invertible. Moreover

(A+UuvhH=t=Aa"1 AU +vTA~lu)~'vTa~L.
Proof: When I + VT A~1U is invertible by direct calculation we check that
formula for inverse holds. In particular, if I + VTA-1U is invertible, then

A+UVT is invertible. )
Write A=1,U =VT V= (A"'U)T. Next

I+VTA WU =1+A" UV =AY A+ UVT)
so by first part, when A+ UV7 is invertible, then

A+U0OVT =14+VTA WU

is invertible. O
Writing
Bip;, x)
VT ) = < ) ,
v (@) (Bipi, pi)
VT 1) = <ql7x> ,
2 ( ) <Pi,q1‘>

U1T(95) = —(Bipi, ),
Uy () = (@i, @)
we can rewrite BFGS formula as
Biy1=B; + U1V1T + UQVQT

Then direct but tedious calculation using twice Sherman-Morrison-Woodbury
formula gives

Siq; + pi + (Sigi, @i)(vi, 2)v;
(Sigir ) (pi, ai) < )i, )

K2

Sig1=5; —

where
P Siq;
v; = — .
<pi7qi> <SiQiaqi>




Formula that we obtained differs from DFP update only by last term. So it is
reasonable to interpolate between the two formulas obtaining so called Broyden
family:

(S:qi, x)
(Sigi, )

When ¢ = 0 this is DFP update, when ¢ = 1 this is BFGS update and other
values give intermediate formulas. When ¢ > 0 the formula above is sum of
DFP update and positive definite term, so leads to positive definite S;. When
¢ < 0 in principle S; may become singular.

Conjugate gradient method have similar goal as quasi-Newton methods so
it is interesting to compare them.

<pla$>

Siv1=Si—
1 <pl7Q’L>

Siqi +

pi + O(Sidi, @) (vi, T)v;.

Lemma 1.2 Broyden methods with So = I are first order methods, that is
Tit1 € To + IIH{Vf(Io), ey Vf(l'z)}

Proof: Put W; = 1lin{V f(xg),...,Vf(x;)}. We prove by induction
Six € x+ W;
Namely
Siv1z = Sz + aSiq; + bp;
—;S;Vf(z;) and ¢; = Vf(ziy1) — Vf(xy).

for some a and b. We have p;
Now by inductive assumption

S;x €x+ Wi,
pi = SV f(x;) € Wy,
Siqi € Vf(xiy1) — Vf(w) + Wiy C Wiy

SO
Si+1x =+ WiJrl.

Since ;41 — z; is multiple of S;V f(z;) claim follows by another induction. O

Lemma 1.3 Let A be positive definite matriz and f(z) = 5(Az,x) — (b, x) be
quadratic function. Broyden method using exact line search with Sy = I gives
the same points as conjugate gradient method.

Proof: We inductively prove that
<Apl7pj> = 07

S;Ap; = p;
for j=0,...,i—1.



Si+1Ap; = p; by quasi-Newton equation. Using inductive assumption we get
(pi, Apj) =0
for j < i. Also
(Siqi, Apj) = (@i, SiAp;) = {4, p;) = (Api,p;) =0
so by formula for S;;; we see that
Si+14p; = SiApj = p;.

Note that p; is a multiple of d; so it is enough to show that d; are A-orthogonal.
We proved that quasi-Newton equations and exact line search imply

(Adys1,d3) = 0.
For j < i we have
(Adigr,d;) = —(ASia V[ (@is1), dj) = —=(Vf(2it1), Si+1Ad;)
= —(Vf(@it1),dj) = —(ai, dj) — (Vf(@i), d;)

For the second term we have
(Vf(xi),dj) = (Vf(x;),SiAdj) = (AS;V f(z:),dj) = —(Ad;,dj) = 0.

For the first

which ends inductive proof. O

Our results imply that with exact line search quasi-Newton methods are
optimal first order methods for quadratic functions. However, this changes
dramatically when inexact line search is in use. One can see on example that
quasi-Newton using inexact line search may behave much worse than steepest
descent. This is when f(z) = (A, z) — (b, ) and all eigenvalues of A are large
(or all are small). Quasi-Newton method brings some eigenvalues close to 1, but
other remain large, so S; A becomes badly conditioned. In other words, simple
rescaling may significantly worsen behaviour of quasi-Newton methods. There
is simple way to correct this problem: one needs to multiply S; by appropriate
scale factor. One can estimate needed factor and in practice method with scaling
behaves much better.

Since Broyden methods are first order methods there is lower bound for for
convergence speed as long as number of iterations is less than n/2 where n is
dimension of the problem. However, when number of iterations is larger than
n, then we can get superlinear convergence. We will present one recent result
in this direction. Recall that studying Newton method we used scalar product

(v, 0)e = ((V*f(2))v, w)



and norm
[olle = (v, 0)e-
We also used
A(fyx) = [[((V2 (@) TV f (@)
We assume that f is strongly convex with Lipschitz continous gradient, that
is there is m > 0 and M such that

mI <V2f < MI

and
V2f(y) = V2 f(z) < Ly — «[l-V*f(w)
for all x,y, z, w.
Note: the condition above is statisfied when f is strongly convex and V?2f
is Lipschitz continous with constant C, in such case we can take L = C'/m.
We consider quasi-Newton method with DFS and BGFS update and Sy =
I/M. In each step of the method we take constant o = 1.

Lemma 1.4 Let f and Broyden method be a above. Assume that
log(3/2) m
L\ < =",
(fa .’L'()) = 4 M
Then

Af ) < CPP(—— =) 2A(f, x0)
Where C =1 for BGFS update and C = M/m for DFS update.

11nM
mk

Remark: This estimate needs quite large k to make 11nM/(mk) smaller
than 1, only for such large k estimate is better than simpler estimates.

Remark: Clearly, estimate for BGFS update is much better.

Some remarks:

e Under reasonable assumptions (like above) quasi-Newton method exhibits
superlinear local convergence

e Quasi-Newton methods avoid cost of computing and inverting second
derivative, but need storage for S;

e In practice BFGS update behaves better than DFP update

e Quasi-Newton methods are sensitive to numerical errors

BFGS update for S; can be written in different form

L
SH_lZE = R;TisliC + <pl >pi
<pia Q’L>
where
Rix = — <piax> :
(pi> @)
This means that we can represent S;1 by sequence of p; and ¢, j = 0,...,1.

To save memory in LBFGS method we only store m (say 20) most recent p;
and qj-



1.1 Further reading 1

David G. Luenberger, Yinyu Ye, Linear and Nonlinear Programming, chapter
10.

Jorge Nocedal, Stephen J. Wright, Numerical Optimization, chapter 6 and
section 2 of chapter 7.

2 Momentum

We are going to present another improvement on steepest descent. When prob-
lem is badly conditioned steepest descent may abruptly change direction, leading
to slow convergence. Idea: remember previous search direction and combine it
with gradient. Namely:
Tit1 = x; + d;,
di = =V f(x;) + Bi(w; — x5-1)

Equivalently, with different 8; we can write
di = =V f(zi) + Bidi-1.

This is called heavy ball or momentum method. In general this is not a descent
method.

This is similar to conjugate gradient method. Conjugate gradient method
give optimal choice of §; for quadratic functions (and exact line search), but
does not guarantee good behaviour in general.

For analysis we rewrite momentum into another equivalent form

Tiy1 = x; — 0V f(x:) + 0i(w; — 1)

We are interested in difference to optimum, so put y; = z; — £o, where z, is
optimal point. In terms of y; we have

Yir1 =Yi — iV (Wi + o) + 0:(ys — yiz1).

Since Vf(2o) = 0 we can write

1
VA + o) = ( / V2 (tys + 2oo)dt)ys = vy

where L
A; = / V2 f(ty; + T )dL.
0
So
Yit1 = Yi — 0iAiyi + 0i(yi — yi—1)-

When f is a quadratic function, then A; does not depend on 4, that is A; = A.
Since we do not have y_; by necessity we take 8y = 0. Then we can write

yi = P(A)yo



where P is a polynomial of degree i with constant term 1. Of course P depends
on 6; and 7;. One can easily prove this by induction. From this we see that
momentum have trouble when A has eigenvector v corresponding to very small
positive eigenvalue A. In such case, with yo = v we have

and since A is very close to 0 value of P()) is very close to 1.

This is expected, because Nesterov example shows that convergence of y;
may need number of iterations of order n where n is dimension of the space.
More interesting is situation when f is strictly positive definite:

Lemma 2.1 Assume that mI < A< MI. Put x = %, v = ﬁ_l. There exit
Kk+1
0;, m; such that

lyill < +*loll-
Such 0;, n; can be chosen independently of A and yy and depend only on m and
M.

Remark: This is significant improvement over gradient descent since we replace
k by v/k. For example when x = 100 we get almost 10 times better estimate.
Note:

e Rather complicated choice of parameters, known as Chebyshev accelera-
tion

e Unlike conjugate gradient choice of parameters does not depend on A and
Zo

e But we need to know or estimate m and M

e Since conjugate gradient is optimal for quadratic functions conjugate gra-
dient gives at least the same improvement of goal function

e But above we talk about ||z; — Zol||, minimizing this is different than
minimizing goal function.

It is convenient to use 7; and 6; which does not depend on 4, for this we
have:

Lemma 2.2 Assume that mI < A < MI. Put k = %, v = ﬁ:, N =
4 a2 :
m, 91—'7 . Thenforl>0

I(5:2) ()l

Remark: Factor (3i—1) is not optimal, but we can not avoid linearly growing
factor. So we need extra iterations to overcome this. Still substantial gain
compared to steepest descent.

Remark: In limiting case, when x goes to 1 instead of convergence we may
get growth of distance.

We expect similar results for convex function when V2f is regular so A; are
close to constant. However, when V2 is irregular situation is unclear.

] < 8- 1)y




2.1 Nesterov acceleration

Nesterov proposed the following method
piv1 = Bipi — a;V f (x5 + Bips)

Tit+1 = Ty + Pit1
Standard choice of parameters is a; = % where M is Lipschitz constant of V f

and 3; = ZJ%S
Like momentum, but updates x; before computing V f.

Lemma 2.3 When f is convex, with a;; and [3; as above we have

AM ||z — zo0||?
) flow) < R

There is also result for strictly convex functions, with slightly different choice
of parameters.
Notes about Nesterov acceleration:

e proven upper bound for convergence rate is comparable to lower bound
for convex functions

e works well in practice

e low computational cost, comparable to momentum or conjugate gradient

2.2 Further reading 2

Yurii Nesterov, Introductory lectures on convex optimization, Springer 2004,
Section 2.2



